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The paper presents an idea and application of a new method of the
modeling of mechanical systems with friction. This method is based on
the piecewise linear luz(...) and tar(...) projections and their original
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1. Introduction

The modeling of dynamic systems with friction is one of the most impor-
tant and difficult problems of mechanical science and engineering. Two main
categories of problems are noticed: the first one concerns ”"microscopic” friction
models and is representative for the tribology and general contact theory. The
second one concerns “macroscopic” descriptions of friction actions (stick-slip
phenomena) in discrete systems and is representative for the MBS (multibody
systems) as well as the theory of mechanisms. Even though the macrosco-
pic description of systems has a simplified character (piecewise linear friction
force characteristic is preferred), the synthesis and analysis of such MBS mo-
dels is usually very sophisticated and must be supported by a mathematical
theory distinctive for non-smooth systems with constraints (variable-structure
differential-algebraic equations and inclusions). Such an approach was discus-
sed eg. by Grzesikiewicz (1990) and Brogliatto et al. (2002).

Problems of the modeling of friction systems are presented in many pa-
pers. They are discussed in several surveys, eg. by Amstrong-Helouvry et al.
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(1994), Feeny et al. (1998), Ferri (1995), Gaul and Nitche (2001), Ibrachim
(1994a,b), Martins et al. (1990), Oden and Martins (1985), Tworzydlo et al.
(1992). Exploring the bibliography, we notice that the most recommended re-
ference concerning the friction and stick-slip ”macroscopic” modeling seems to
be the article by Karnopp (1985). It contains derivations of variable-structure
piecewise linear models for elementary single-mass and two-mass systems. So,
Karnopp’s models can be treated as the reference models for modeling of other
friction system.

In this paper, we focus on the "macroscopic” piecewise linear approach
too. The aim of the paper is a detailed presentation of the original method
of modeling of discrete dynamical friction systems basing on the piecewi-
se linear luz(...) and tar(...) projections and their mathematical appara-
tus. Using this method, the models have compact analytical forms enabling
parametrically-made operations (eg. reductions). In comparison with other
methods, just this feature seems to be the main advantage. The single- and
two-mass stick-slip models discussed here are strictly compatible with Kar-
nop’s models. The derivations include also their degenerate versions when
masses go to zero or infinity.

2. Idea of piecewise linear friction and stick-slip description

Even so the friction force characteristics can have different nonlinear forms, the
simplest piecewise linear representations shown in Fig.1 express the essence
of kinetic and static friction action.

Fig. 1. Typical piecewise linear friction force characteristics: Fr (V) — Coulomb-like
kinetic friction characteristic, Fr(Fw ) — saturation static friction characteristics.
Notation: Fp — friction force, V — relative velocity of abrading elements,

Fyw — acting force, Fro — maximum dry friction force (here the same for kinetic and
static friction), C' — damping factor)
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Such characteristics can be analytically written using the luz(...) and
tar (...) piecewise linear projections (compare Fig. 1 and Fig. 2)

|z —a| — |z + a
2
tar (z,a) = luz(z,a) "' = 2 + asgh (z)

luz (z,a) = x +

where
-1 if <0
sgh(z) =4¢ s*e[-1,1] if =0
1 if >0

tar(x,a) I/ luz(x,a) T x-luz(x,a)
a Py
/{ ™ VR " K

Fig. 2. Geometric interpretations of piecewise linear projections

The luz(...) and tar(...) projections have a surprisingly simple ma-
thematical apparatus which was formulated with proofs by Zardecki (2001,
2006b). Here we will explore only particular formulas. They will be used when
necessary.

Applying the tar(...) projection in description of Coulomb’s-like charac-
teristics, we can express in a compact formula both friction forces, the kinetic
force — for a non-zero relative velocity as well as the static one — for the zero
velocity. Such "extended Coulomb characteristics” have form

F
Pr = Ctar (V, %) = CV + FrosgnV + Fros*

Kinetic friction (V#£0)  Static friction (V=0)

The kinetic friction force is expressed one-to-one, while the static friction Fpg
demands an additional description in form of a function of the acting force.
Having the form of saturation characteristics, the static friction characteristics
can be can be analytically written with using the luz(...) projection

FTS = F’T08>k = Fw — hJ.Z (Fw, FT())

Obviously, the acting force Fy depends on the system configuration. Only in
the simplest single-mass system (Fig. 3), the force Fy is identical with the
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external input force F. In multibody systems with many frictions sources,
where the structure of an object depends on many stick-slip processes, the
forces Fy may have a complicate character and must be derived for a concrete
but temporary structure of the system.

>
Z:

0

Fig. 3. Single-mass system with friction; M — mass, F' — external acting force
(notation of friction parameters in accordance with Fig. 1)

Having analytical forms of kinetic and static fiction forces, we can formulate
the stick-slip system model. For the single-mass system, the model is (Zardecki,
2006b)

ME(t) + Ctar (1), @) = F(t)

where

Fros*(t) = F(t) — luz (F(t), Fro)

The model in a compact form can be rewritten as a variable structure equation

M) = F(t) — C'tar (?3(t), %1) if 2(t) #0
luz (F(t), Fro) it ()= 0

This variable-structure formula strictly corresponds to the single-mass Kar-
nopp model (1985) and clearly describes the stick-slip phenomenon in the
system. When 2(¢t) = 0 and |F(t)] < Fro, we obtain luz(F(t), Fro) = 0,
hence also Z(t) = 0. It means the stiction. When |F(t)| > Fro, we have
luz (F(t), Fro) # 0 and Z(t) # 0 — the slip state.

Advantages of using the luz(...) and tar(...) projections concern not only
brief analytical forms of friction characteristics and clear stick-slip description.
Using their mathematical apparatus, we can transform the stick-slip models
by parametric operations, which is the main benefit. For example:

e We can reduce analytically the order of the model. For the single-mass
system, when M = 0, the compact model simplifies to the form

C'tar (2(t), %) = F(t)
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Using the theorem on degeneration and the formula k tar (x,a) =
= tar (kx, ka) (Zardecki, 2006a), we obtain after inversion the final un-
coupled form

Cz(t) = luz (F(t), Fro)

which effectively explains the stick-slip phenomenon in the mass less
system (no motion for —Fpy < F'(t) < Fro)

e We can simplify non-homonegous friction models using substitutive pa-
rameters. For such a single-mass but multi-friction system, its compact
model has form

. — o Froiy
Mz(t)+i§:1: C; tar (3(2), ‘. ) =F@)
By the formula

ki tar (x,a1) + ko tar (x,a2) = (k1 + ko) tar (x’ M)

ki1 + ko
(Zardecki, 2006a), the model is reduced to the form with substitutive
parameters
. oy Froy
MZ(t) + C'tar (z(t), 7) = F(t)
where

C=> G Fro =Y Froi

The luz(...) and tar(...) projections are especially useful in the synthesis
and analysis of non-trivial friction system models. This is presented in the next
sections.

3. Modeling of dynamics of a two-mass system with single friction

The simplest example of a two-mass system with friction (Fig.4) concerns
two moving blocks placed one on another. The blocks are subject to two exter-
nal forces and the friction force between them.

The friction force is described according to the extended Coulomb cha-
racteristics. Because the action of static friction is not given as an explicit
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:
F—

0 i

Fig. 4. Two-mass system with single friction; M, My — masses of blocks,
Fy, F5 — external forces, o — friction force, Frgi2 — maximum dry friction force,
C12 — damping factor

dependence yet, the primary dynamical system model must be expressed by
inclusion forms. Here

Miz, (t) + C19 tar (2’1 (t) — zg(t), g?;Z) e F (t)

MQZQ (t) — Clg tar (2’1 (t) — Z9 (t), g?;Z) & F2 (t)

where si,(t) € [-1,1].
If 2(t) — 22(t) = 0 they are
Mi7 (t) + FT0128){2(t) e F (t)
Mgéz(t) — FTOlZSTQ(t) S Fg(t)

Formal calculation of si,(t) (or static friction force Frg12875(t)) can be based
on the Gauss rule. This requires minimization of the so-called acceleration
energy (). Thus

" . " My (Z1(s3 2+M2 Zo(st 2 "

Ty T*IH(Q(SH) — ( ( 12)) 5 ( ( 12)) ) A sty € [_1’1]
12

For concrete s7y

(Fi — Pro128}y)* (Fy 4 Pro12s}y)?

My (%1(s12))* = A, My (%5(s1y))* = 7
So
o min((Ml + M3)Froi2 (S* _ MyFy, — My Fy )2 (F1 + F2)2>
2 2My Mo 2 (M + M) Froia 2M4 Mo

AN 5){2 S [—1, 1]
For sj, € [—1,1] optimal solution is
. MaFy — M Fy

ap—
127 (M) + Ma)Froms
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For arbitrary F; and Fy, the solution sis(F1, F») must be saturated. Therefore
finally

_ MyFy(t) — My F(t)

*(t) = —1
s19(t) (M1 +M2)FT012 uz(

Frsia(t) = Fro12sis(t) =
MA@ -MB0 (MgFl(t) — My Fy(t)
My + Mo My + M,

MgFl(t) — MlFQ(t) 1)
(M; + Ms)Froio

,FT012)

The derivation of these formulas may be done in different ways. Because the
579 singularity is related to the cross-friction description, when Az = 21 — 29
is an independent variable, a new inclusion based on AZ and AZ variables is
useful. After combination operations, we obtain

My Fy(t) — My Fy(t)
My + Mo

510) ~ (0] + Ctar (50 - (), 7212 €

Comparing this inclusion with the compact single-mass system model (Sec-
tion 2), we notice that they have the same mathematical structure. The sub-
stitutive parameters and variables of the model may be interpreted in the same
way. S0, in the analysis of relative motion, we can directly use the methods that
have been applied to the single-mass friction model, also the semi-heuristic S-S
or formal variation procedure (Zardecki, (2006a,b). Such calculations give the
same results as Fg1o obtained on the basis of the Gauss principle.

Taking into account the result concerning the static friction force Frgio,
we obtain for Z1(t) = 23(t) the following equation of relative motion

%[Jél (t) — 22(t)] = Tuz (Fi2(t), Froi2)
where
Fip(p) = MREL) — IR0

My + M>

This equation expresses the stick-slip phenomenon in relation to the resultant
excitation Fio and the limitations Frpgio on the static friction force Frprgis.
Particularly, when —Fpgi2 < Flg(t) < Frop2 also él(t) = 22(75), thus the
stiction state starts. In the stiction state Fia(t) = Frpgi2(t) (linear part of
saturation characteristics). When Fio(t) < —Froi2 or Fia(t) > Froi2 we have
Z1(t) # Zo(t), and the slip state happens. In such a situation 21(t) = Z5(t)
entails temporary static friction without stiction.
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A new aspect of the stick-slip description is taken up by the analysis men-
tioned below. When 2 (t) = 22(t), the equations for z;(t), z2(t) are

. My MyFy(t) — My Fy(t)

M3 () = ———[Fy(t) + Fy(t)] + 1 P

141(0) = 3 ) + Ba(0)] + e (20 Pro )

. M, MyFy(t) — My Fy(t)

Myy(t) = ——2—[Fy(t) + Fy(t)] — 1 P

25(t) = 3 0 + Fa(t)] — s (=202 Prono )
Furthermore if

M, Fy (t) — M, Fy(t
—Frois < Fia(t) = — 1¢) 1F5() < Froie

My + Mo
then
(Ml + Mz)él(t) = Fl(t) + Fz(t) or (Ml + Mz)ég(t) = Fl(t) + Fz(t)

These equations have identical forms. It means that 21(t) = Zo(t) (stiction
state), and motion is described by one of these equations only.
Summing up, the compact-form model of a two-mass frictional system is

Mﬁﬂﬂ+0un@ﬂﬂ—@uLE2m>:Fﬂﬂ

A@zQQ)-cmﬁr(zlu)-z2u),ﬁi§m) — By

where
B My Fy(t) — My Fy(t)

Froiasis(t) = M+ — luz<

MgFl(t) — Mng(t)
My + My

7FT012)

This model can be expressed in a variable-structure form without sjs:

i 2(t) # Eo(t)

FT012)

lec:l (t) = F1 (t) — 012 tar (2:’1 (t) — 22 (t), 012

M) = )+ Crtar (30 - 50, 7222)

i 4() = ()

.. M MoFy(t) — M Fo(t
MlZl(t) = 4M1 —|—1M2 [Fl(t) + Fz(t)] + hlZ( 2 1]\(43 T M; 2( ),FT012)

.. M- MoFy(t) — M Fo(t
Maza(t) = YA +2M2 [F1(t) + Fa(t)] — hlZ( 2 1]\(/_,3 n M: 2( ),FT012)
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The presented model is strictly compatible with Karnop’s model (1985). It
is clear when our model is rewritten in a traditional form without the luz(...)
and tar(...) projections.

Now, we can analyze particular situations when one of the mass parameters
(for example M) goes to infinity or goes to zero.

e When My — oo, the state Z3(t) = 0 must be steady. It means perma-
nent blockade of this block. Hence also Z2(t) = 0. After an asymptotic
transformation, this compact-form model can be given by one equation
for the moving mass My

Mi7 (t) + C1a tar (Zl (t), 5?22) =N (t)

where
FT0128>{2(75) =N (t) — luz (Fl (t), FT012)

In such a case, the two-mass system with cross-friction becomes the
single-mass elementary system presented in Section 2.

e When M; — 0, motion of the massless element has a kinetic character.
After inversion, the first inclusion of the primary model transforms to
the equation

S(t) — 2(t) = éluz (F1(), Frot)

Finally, the second equation can be written as MsZ5(t) = Fi(t) + Fa(t).
Note: when also —Frgi12 < Fi(t) < Froi2, we have 21(t) — 25(t) = 0. It
means the stiction state. It is independent of action of the second mass.

4. Modeling of dynamics of a two-mass system with two friction
forces

The simplest system with simultaneous action of several various friction
forces is the two-mass system with two friction forces (Fig. 5). It is an extension
of the two-mass system discussed in Section 3. In this case, the bottom block
interacts with friction forces not only with the top block but also with the
fixed basis.

The primary mathematical inclusion model is

F
M2, + Cqo tar (2:’1 — Z9, T012> e

Cr2
. .. Frop . Fro20
MsyZy — C9 tar (Zl — Z9, 0—12) + Cyg tar (ZQ, Coo ) e Fy

where si, € [-1,1], s5, € [-1,1].



264 D. ZARDECKI
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Fig. 5. Two-mass system with two friction forces; M7, My — masses of blocks,
Fy, F5 — external forces, Fpi2, Frog — friction forces, Froi2, Frozo — maximal dry
friction forces, Ci2, Coo — damping factors

The singularities of dry friction characteristics concern the velocities Z1— 2o
or zo at zero points. Therefore, we must analyze three cases:

(1) 21 =% #0  (then z; — 29 =0 and 22 # 0 — problem of s7},)
(2) 21#0, 22 =0 (then 2, — 23 # 0 and %3 = 0 — problem of s)
(3) 21=%22=0  (then 2, — 23 =0 and 22 = 0 — problem of s}, and s3)

Analysis (the Gauss rule is applied):
— If 21 = 29 # 0 the minimization task is

" . " Mi(Z1(s% 2 + Moy (Z9(sF 2 "
87y Igl*111(62(512) — ( ( 12)) 5 ( ( 12)) > A sty € [_1’1]
12
where
F — F * \2
M (31(s},))” = (F &012512)
1
2
o (P2~ Caotar (20, 5820) & Prorasts)
M3 (29(s72))" =

My

For siy € [—1,1]

MyFy — M, (F2 — Oy tar (22, Frox ))
(My + M3)Froi2

—
S12 =

For arbitrary excitations F}, Fb, 29, the solution si,(F1, Fy, 22) must be satu-
rated. Thus finally
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or
FTOlZSTQ(t) = Fw(t) — luz (Fw (t), FT012)
where
My Fy(t) — M F»(t) M1 Cy . Fro20
F,t) = t t
w(®) My + My +M1+M2 o (22( ) Cao )
— If 21 # 0, 29 = 0 the minimization task has a form
M (3 * 2 Mo (3 * 2
830 r?*in(Q(SZO) = 1(%1(530) ; 2(%2(5%0)) ) N s3 € [—1,1]
12
where
1 F 2
N B s T012 _
M1(21(820)) = M1 [Fl 012 tar (2’1 22), Clg )} A

(independent of s3,) and

Froi2

0—12) - FT205§0}2

. 1 . .
Mo (%2(s30))* = M, [FQ + Cha tar <z1 — %9),

Thus, for sb, € [—1,1] the solution is

S;O = FTlog() |:F2 — 012 tar (?31, ng);Qﬂ

For arbitrary excitations Fy, 21, the solution sb,(F»,21) must be saturated.
So

0t} = FT1012 [Fz(t) ~ Crptar <22(t)’ Fg?f)} T
B (FT012 [F2(t) ~ Cratar (22@’ FCT';);Q ﬂ ’ 1)

* . F
FT020520(t) = Fg(t) — Cg tar (Zz(t)’ g?;Q) +

Fro12 ) ’ FTO2O)

—luz (Fg(t) — Chp tar (22(t)a i

— If 21 = 29 = 0 the minimization task is

8121530 m*in<Q(8’f2,850): 1(%1(512, 830)) ‘; 2(22(515, 850)) )
S12
A S1g; 830 € [-1,1]
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For concrete values s7,, s5,, we have

Mz = (F1 — Fro12sy)? My = (Fy + Froi28%y — Pro2oss)?
M1 M2
. % (My + M) F2 N F? . Froi2Fro2o .
Q(s1q,5%)) = SN My 1012 (g1,) + %(320)2 - Tsmsm +
+(M1F2 — MyFy)Frowz o _ FaFrox M, F§ + MyF}
M; M, 12 M, % M My

For si, € [-1,1] and sb;, € [—1,1] the minimization solution must fulfill

(convex function minimization)

0Q(s%a, s%)  (My+ Ma)Ffy, o Froi2Frozo .

dst, MM, s A
+(M1F2 — MaF1)Froiy 0
My Mo
9Q(s15,530) _ Frozo g Froelroo . Flron
6850 M2 20 M2 12 M2
9Q*(s12, 5%0) _ (M + M) Ffgp9 <0
9(s72)? My My
9Q°(s12: 530) F%ozo
- = >0 fulfilled
e T (fuiflled)
Thus, the system
(My + My)F7o15  FroizFrozo (M Fy — MaFy) Frois
M1M2 MQ 5?2 — M1M2
_ Froi2Frozo FFoz S50 _ FaFroy
My My M,
yields for sj, € [-1,1] and sb, € [—1,1] the solution
& Fy - Fi+
27 Prow 27 Progo

For arbitrary excitations Fj, Fy, the solution siy(F1, Fy), s(F1, Fy) must be
saturated. Thus finally

s12(t)

sho(t) = R(t) + () luz (—’ 1

Frozo
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and
Froi2sia(t) = Fi(t) — luz(Fi(t), Froz)
Frogosyy = Fi(t) + Fa(t) — luz (F1(t) + Fa(t), Frozo)

Concluding, the model of the two-mass system with two frictions forces can
be described in a compact form by differential equations of motion

F
Mz + Cia tar (21 — Zo, %) =F
F F
M222 — Clg tar (Zl — 22, %) + 020 tar (22, é:;)jo) = F2
where
F2 F2 F20 F20
§1y = — luz ,1 S50 = — luz ,1
27 Fros <FT012 ) 207" Frogo (FT020 )
and
MyFy — M Fy M;Co tar (ég FT020) i 2y 20
Fui2 = My + Mo My + My " Oy
Fi if 29=0

12

. Froizy .. .
Foo = Fy 4+ Chg tar (21, C’—) if 21#£0
F, + Fy if 21=0

Displacing s7,, s5), the model can be expressed also by variable-structure
equations:

I 4 £ A #0

. ) . Froiz
Mi% = Fy — Chgtar (21 — 29),
121 1 12 ( 1 — 22) Cr )
. .. Prop . Froxo
MyzZy = Fy + 012 tar (Zl — Z9, 012 ) - CQO tar (ZQ, —020 )
I A =2 #0
. M(F1+ F) M;Co . Frox
Mz = — tar ( 29, +
VL= 0 My, Myt M, (2 Czo)

MyFy — M Fy M;Cy . Frox
1 £ ZTo0N R
+ uz( My + M, M+ My (ZQ’ Coo ) Tom)
. My(Fi+ Fs) M5Cy . Fro
Moy = - t
2T M A My My+ My (2 Cao )+

MoFy — My Fy M, Cy ¢ ( Frogo

—1 ar [ 2
uz Mi+ My, | M+ M
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Note, if

MoFy — My Fy M;Cyo . Frox
—F < tar ( 29, < F
To12 M, 1, M,k ( 2 oo ) To12

then
PR i Vet B (z’: FTOZO)
YUMo+ My M+ M, > Oy
otk Cw (z’: FT020)
T M+ M, M+ M > Oy

which means that Z; = Z,, and the stiction state appears.
—1If 20 #0,25=0

Fro12 )

Mlél = F1 — 012 tar (21, 0—12

MsZy = luz (FQ + C1a tar (Zl, Fg—;w),FTogo)

It means that when

. Froi2
—Frogo < Fy + Cp tar (21, —) < Frogo
Ci2

also Zo = 0. In other words, the bottom block is stuck to its base, and only
the top block is moving according to the equation of motion

Fro12 )

Mlél = F1 - 012 tar (21, 0—12

—If 21 =29=0

Mz, = luz (F1, Froi2)

Msyzy = —luz (F1, Froi2) + luz (F1 + F», Frogo)
Note:

- when —Frproi2 < Fi < Froi2 and —Frogg < F1 + Iy < Fproo then
%1 = Zo = 0 thus the blocks are stuck together and the bottom one is
stuck to its base

- when luz (F1 + FQ,FTQQ()) = luz (Fl,FTolg) # 0 the bottom block is
stuck, while equalization of both blocks velocities is only temporary,
since %1 # Z5 = 0.
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The presented modeling of a two-mass system with two friction forces basing
on the luz(...) and tar(...) mathematical apparatus and the Gauss rule
gives results strictly compatible with Karnop’s model (1985). Our model have
a more compact description, better for analytical transformations and detailed
analysis.

It is interesting that for the singular state 2; = 29 = 0, the model of two-
element system with two friction forces can not be directly used (by setting
Froa0 = 0) for the description of motion of the system with cross-friction only!
(Note that transformation of the two-mass elementary system’s model into the
single-mass elementary model was regular). Why do we have no transformation
regularity in this case? We explain this in the following considerations.

When Frgpyo = 0 has been set a priori (before minimization)

Q(s19,55) = oMM, (s12)* + MM, 512 +
M\F3 + My F}
2M7 My
Thus we obtain
MyFy — My Fy
§5 1 Fropsty = 221712 e 211
12 T012572 N, Tk 12 € [-1,1]

and finally, the proper model of the cross-friction system

MsFy — M F» ) (MgFl — M F»

, B
M + M, M + M, Tm)

Froiasiy =
When Frgoo = 0 has been set after minimization, we obtain generally a dif-
ferent and false result Frpojasiy = F1 — luz(Fy, Fro12) (good result only for
F, =0).
We can draw the same conclusion when analyzing the model with
Froi2 = 0. When Frrgio = 0 has been set before minimization

F? FyFroxpn M F§ + MyF?
Q(s12,83) = 27]&220 (550)2 - M, 850 9M, M,
Thus
850 : Fy — FTQQOS;O =0 A 3;0 € [—1, 1]
and finally
Frogosyy = Fyo — luz (Fy, Froo)

When Froi2 = 0 is set a posteriori, a different result Frogossy, = F1 + F» —
luz (Fy + Fs, Frogo) is calculated (the same only for F; = 0). As we see, the
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exact model of the two-mass system with two friction forces does not let regular
conversion to elementary models.

Another question seems to be interesting for better understanding of the
model of the two-mass system with two friction forces. The question is if the
model of such a complex system can be created on the basis of simpler (here
elementary) exact sub-models?

Let apply now a concept of the so-called ”model decomposition-aggregation
method”. Such decomposition can be done in two ways.

Y

0

Fig. 6. Two concepts of model decomposition

In both cases, the system is replaced by equivalent three-mass systems. Of
course, Moj + Moy = Ms. The coordinates of sub-systems are z1, 201 and zo.
Thus our complex system is treated as a series of sub-systems containing indi-
vidual frictions. For the description of these sub-systems, elementary (basing
on general physical rules, i.e. on exact formulas) friction models can be used.
For calculation of the final model of a complex system, we have to apply the
operation K4 — oo or Kp — oo. We will only discuss the most singular
velocity state when the total stiction state appears.

When the decomposition is made according to method A, for the singular
state 21 = 291, 299 = 0, we have model description based on two elementary
subsystems models. Lattering Fy = K4(z21 — 220)
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. M, Mo Fy _Ml(FQ_FA)
Mizi = ————(F1 + F5 — Fy) + luz I
121 M1+M21( 1 b A) ( M+ My T012)
. Mo Mo Fy — My (Fy — Fu)
My 3y = ——2 (F| + Fy — Fy) — — Iz F
2151 = 1 +M21( 1 b A) ( My T My T012)

and Mzoégo = luz (FA,FTO20).

Setting KA — 00 we have 2921 = 290 = %9, ,?:‘21 = 2’20 = 2:‘2 = 2:‘1 = 0,
Z91 = Zog = Zo. By summing the second and third equation, the complex
model passes to

B My Moy Fy — My (Fy — FA)
Mz = —————(F| + F5 — Fy) + luz ,
121 M1+M21( 1 2 'A) ( Mo 1 My T012)
. Moy Mo Fy — My (Fy — Fa)
Myzy = —=2 _(F| 4 Fy — Fy) — luz Fron) +
2% = 7r +M21( 1 2 'A) ( Mo 1 My T012)

+luz (Fa, Fro)

As yet Fy = Ky(z21 — 290) is formally indeterminate (indeterminacy of the
type "00-0”). Admittedly the system must fulfill Gauss’ rule, so the accele-
ration energy () treated as a function of the unknown variable F4 should
be minimal. Because of strong non-linear form of @Q(F4), formal analytical
minimization is very complicated. We do this with little heuristic roundabout
effort, we use the method incorporated in the S-S procedure (Zardecki, 2006a).
We know that minimum-minimorum of @Q(Fj) is warranted by the stuck state
when the accelerations of masses are zero. In the state Zi19 = Z91 = Z99 = 0,
our three-mass model is

B M, Mo Fy _Ml(FQ_FA)
MiZi=————(F] + F5 — Fy)+ luz , B =0
121 M1+M21( 1 D A) ( My 1 My T012)
. Moy Mo Fy — My (Fy — Fa)
Mooy =———(F1 + F5 — Fy)— luz JF =0
2= +M21( 1 D A) ( M, 1 My T012>

MopZog = luz (FA,FTOQO) =0

Because summation of the first and second equation F; + Fy — F4 = 0, one
finds

M%) = luz (Fy, Fro12) =0

My 291 = —luz (Fy, Proi2) = 0

MaoZ20 = luz (F1 + Fy, Frrogo) = 0
It means that the stuck state (optimal condition for minimization of Q(Fj4))

is warranted by the function Fa(Fy,Fy) = F; + F, with conditions
Fy € [=Froi2, Froi2] and Fy + F> € [—Fro, Fro)-
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When Fj ¢ [_FT0127FT012] or In + I ¢ [—FT()Q(),FTQQQ], the total stuck
state vanishes. So for the aggregated model, we finally obtain the proper result

Mz, = luz (Fi1, Froi2)
MsyzZy = —luz (F1, Froi2) + luz (F1 + Fy, Frogo)

Similar calculation repeated for the model decomposed according to me-
thod B (in this case Fp(Fi, Fy) = F also gives the same final result.

The ”decomposition-aggregation” method and the S-S procedure seem to
be very useful for theoretical verification and analysis of multibody models
with multiple friction sources. Such models can be very complicated, so affir-
mative proofs are desirable.

Basing on the derived mathematical model, we can analyze situations when

the mass parameters go to infinity or go to zero. We discuss several non-trivial
situations: (1) M; — oo, (2) My — o0, (3) M; — 0, (4) My — 0.
(1) When M; — oo, the top element is motionless and the moving block
(mass Ms) acts under two friction forces. The state Z;(t) = 0, 21(t) = 0
results from parametrical transformation of the first model inclusion. Thus,
the second model inclusion is

. . Froi2 . Froz
MsZo + Chg tar (ZQ, Co ) + Cyg tar (22, Con ) e by
Finally, we obtain

Froi2 + FT020)

MaZ(t) = Fa(t) — (Cr2 + Cao) tar (éQ(t)’ Ci2 + Cxo

where

(Froi2 + Frog)sia(t) = Fi(t) — luz (Fi(t), Froi2 + Fro)

(2) When M; — oo, the state Z3(t) = 0, Z3(t) = 0 must be steady.
After asymptotic transformation, the model is given by one equation for the
mass M

Fro12 )

M121 (t) = F1 (t) - 012 tar (21 (t), 012

where for Z5(t) =0
FT0128>{2(75) = F1 (t) — luz (Fl (t), FT012)
(3) When M; — 0 the motion of this massless element has a kinetic character

Fro12

Clg tar (21 (t) — ,732(t), 0—12

) € Fi(t)



PIECEWISE LINEAR MODELING OF FRICTION... 273

So
St — 2 (t) = éluz (F1(8), Prots)

The second inclusion can be written as

Mass(t) + Contar (22(t), Z222) € Fy (1) + Fi(t)

Cao
So "
Mzéz(f) + CQO tar (ZQ (t), 8020) = F1 (t) + FQ (t)
20
where

FT()Q()S;O(t) = Fl(t) + Fg(t) — luz (Fl (t) + Fg(t), FTQQ())

When also —Frgie < Fi(t) < Froig, we have 2(t) — 22(¢t) = 0. It means the
stiction state of both elements. It is independent of action of the second mass.

(4) When Ms — 0, motion of this massless element has a kinetic character.
Here

My () + Cra tar (21(2) — 2(t), %) € Fi(t)

Froi2
Ci2

) + Cao tar (2(8), @) 0,

~Cuytar (41(t) = £(1), o

This system is generally extremly complicated. Using the luz(...) and
tar(...) mathematical apparatus, we can simplify it for the case when
F5(t) = 0. In such a case, the bottom element becomes a separation sheet
for the top block, so this case is very practical.

We use the following theorem (Zardecki, 2006b): for a > 0, b > 0, k > 0
when tar (y,b) = ktar (x — y,a) then

1
xr — luz (z,ka —b) if ka>b
y(z) = k+1
- b—ka )
k+1luz<x, 5 ) if ka<b
Therefore, because we have here
_ Fronz _ Frox _ Cpp
a = b= k=—"
Cr2 Cao Cao

o — b — Ci2 Froiz  Frozo _ Froi2 — Frozo
Cy Cr2 Cao Cao
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when r o e
: 7020 12 : : T012
t t = —1 1) — z2(2 =0
ar (22(1), £2%) = 2 tar (4100) - &(0), =512
here then
: C . Froio — F .
2(t) — % luz (zl(t), w) if  Froiz 2 Froo
So(t) = o 12+ G2 p . 20
12 : 1020 — Froi2 .
Crat O luz (Zl(t), 0—12) if  Froiz < Frozo

Setting this relationship to the first model inclusion, we obtain for Fs(t) =0

By(t) if Froiz = Froo
<

Mlé‘l(t) € { .
Bg(t) lf FT012

Frozo

where

Froi12 — FTO2O) FT012)
Cao " Chg

Frozo _FT012) FT012>
Ci2 T Cha

C .
Bl(t) = F1 (t) — 012 tar (WQOC'QO luz (Zl(t),

G
Ch2 + Cy

Bo(t) = Fi(t) - Cratar (24 (t) huz (44(1),
In this formula, the tar(...) is undetermined for |2 (t)| < (Froi2 —Fro20)/Ca0
if Froi2 > Fprogo and for 2':1(75) = 0 if Fprgia < Frggo. But in both cases
Mi%,(t) € Fi(t) — Froi2s72(t). Applying the Gauss’ rule and the optimization
task, we finally obtain for Fy(t) = 0 and arbitrary Fj(t) the saturation equ-
ation Frpo12sie(t) = Fi(t)— luz (Fi(t), Froi2), which enables one to replace the
inclusion form by an equation without implicit form. The variable-structure
form of this equation explains the stick-slip process for all cases of model’s
conditions.

5. Final remarks

In this paper, the idea and examples of application of a new method of
modeling mechanical systems with freeplay and friction has been presented.
The method is based on the piecewise linear luz(...) and tar(...) projections
and their original mathematical apparatus. It is very useful for the descrip-
tion of stick-slip processes in multi-body systems which can be described by
piecewise-linear equations.
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The derived friction models basing on the luz(...) and tar(...) projec-
tions are strictly compatible with the legitimate Karnopp models. The models
can be directly used in multi-body systems when inclusions contain simple
individual tar(...) components, for example

Mzzz(t) € E(Zl(t),ZQ(t), ce ,Zn(t),,é’l(t),é’g(t), ... ,2n(t),t) +

. ) Froij
—Cjjtar ( 2(t) — 2;(¢), J
J ( J Cij )

When the structure of a multibody system is more complicated, the synthesis
of a model must be more sophisticated, as it has been presented in Section 4.
But in such cases, the application of the luz(...) and tar(...) mathematical
apparatus yields excellent final results — a ready-to-simulation model without
implicit forms.

The piecewise-linear approximation based on the luz(...) and tar(...)
projections can also be applied to friction characteristics expressing Stribeck’s
effect, for asymmetric characteristics an so on. Even stick-slip models have
been derived here for the simplest friction characteristics, their final forms
can be easily adapted to other more complicated characteristics. For example,
when magnitudes of kinetic and static dry friction forces are not identical, in
the variable-structure model two different parameters Frox and Fprgg can be
applied.

The presented method has been already applied to several simulation mo-
dels of systems with friction. Most of them concern car steering mechanisms
(models with dry frictions in king-pins and gears) — see papers by Lozia and
Zardecki (2002, 2005) as well as by Zardecki (2005a).
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Przedzialami liniowe modelowanie tarcia i zjawiska ”stick-slip”
w ukladach dyskretnych

Streszczenie

W artykule przedstawia sie idee¢ i zastosowanie nowej metody modelowania ukla-
doéw mechanicznych z tarciem. Opracowana metoda bazuje na przedzialami liniowych
odwzorowaniach luz(...) i tar(...) oraz ich oryginalnym aparacie matematycznym.
Dzieki zastosowaniu odwzorowan luz(...) i tar(...) modele uktadéw z tarciem maja
analityczne formy doskonale wyrazajace zmiennostrukturalny opis zjawiska ”stick-

slip”.

Za sprawa aparatu matematycznego luz(...) i tar(...) modele te moga byé¢

przeksztalcane (np. redukowane) w sposéb parametryczny, co stanowi gléwna zalete
metody.
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