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A mathematical model of a planar Sandia type manipulator is presen-
ted. The manipulator consists of two links: rigid and flexible, which are
connected by rotary joints. The modal method was used to discretise
the flexible link. The calculation results have been compared with the
results of measurements. A good agreement has been achieved.
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1. Introduction

A control of movements is one of the most interesting tasks of present
manipulators. It is put into practice by control units of the drive system,
which force relative movements in particular kinematics pairs. The task is
more complicated, when the flexible links occur in a kinematics chain. It is
very important, that at the design stage of the mechanism with flexible links,
its behaviour during normal operation can be predicted.

When modelling flexible links in dynamic analysis, the finite element me-
thod (FEM) combined with the modal method (Du et al., 1992; Wojciech,
1996; Yuan et al., 1993) is often used. The modal method allows us to mini-
mise the number of degrees of freedom of the structure.

In this work, the modal method is has been employed in discretisation
of the beam-like flexible link in the two links SANDIA manipulator (Olejak,
1998), see Fig.1.

The deflection of the flexible link is assumed as follows

n

u(z',t) = filt)ni(a") (1.1)

=1
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Fig. 1. Manipulator considered (a) elements of the manipulator, {b) model

description
where
fi(t) - unknown time functions
n;(z') - known shape functions resulting from the FEM code
z' - local coordinate of the flexible link shown in Fig.2.

measured ¢’ J

Fig. 2. Angle of deflection of the end point of the flexible link

2. Equations of the manipulator motion

The equations of the manipulator motion are derived from Langrange’s
equations of second order
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doT 9T 8V oD

- _ + 4+ 2 = 2.1
dt ¢ 0O0q Oq 0q @ (2.1)
where
qT = [01)023 fl) LEES} fm]

T - kinetic energy of the structure

V' — potential energy of the structure

D - energy dissipation in the structure

@ - non-potential generalized forces.

There are m + 2 generalized coordinates in the system:

6, - rotation angle of the first rigid link

b - rotation angle of rigid part of the second link

fiy-, fm — functions corresponding to 1-+m modes of the flexible

link.

It is necessary to calculate the kinetic T and potential V energy of the
structure to solve Eqs (2.1). In the work, the energy dissipation due to friction
and internal damping is neglected.

The coordinates of flexible link points in basic system are as follows

x = Lycosf; + (ar + z') cos(fy + ) — usin(f; + 65) (22)
2.2

y = Lisinf) + (ar + 2')sin(8; + 02) + ucos(b, + 6)

The local coordinates of the point S with the mass mog (Fig.2) can be
written as

m m
25 = As + Z fioy ys = Bs + Z fiBi (2.3)
=1 i=1
where
As=ar+ Lr+azs a; = —bggn;(L)
Bg = byg Bi = (L) + azsmi(L)

The coordinates of this point in the inertial coordinate system are
zs = Ly cos by + z'g cos(f) + 62) — ygssin(f, + 6-)
(2.4)
ys = Ly sinf + z'ssin(f; + 0) + y cos(d) + 6)

The kinetic energy of the structure is represented by the formula
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1
r = 51101 (01+02 [12+Zfz'w +Zszfij]
1 :
1 & h
+ 5 ijmm +6, Zfz @; sinfy + b; cos f) +
=l =1 =1
(2.5)
. . . m
+ 6,(6,+69) [Asinﬁg + Bcosfy + Zfi(m cos By — b; sinﬁg)] +
i B m m i m =1
+ (61 +62) [Z fos+Y £y fju;‘j]
=1 =t j=1
where

1 1. \2
ILL=1I; +m1p[1—21% + (aR + §ll> ] + (mix +mor +mp +m25)L%

1
I, = —?;ppr[(ap +Lp — ap] + I+ mgs(AS + BS)

Msj = msj + mas(ouoy + Bif;) mij mep 7;im5 dmp

a; = mosLlioy b = Lia; + mas Ly 3;

A= —mygsL | Bg B =mysLiAs + L Sr

T; = b; + mas(Asf; — Bsay) ui; = mas(—aif; + a;f;)

Sg :mf (a + ') dmp wf = 2mo(Aga; + Bi;)
F

In the considered case, the potential energy of gravity is neglected since
both the links move in planes perpendicular to the direction of acceleration of
gravity.

Thus, the potential energy of the structure is equal to the deflection energy
of the flexible link

1
V= ek gp a5 = [f1, s fm] (2.6)

where K7/ is the stiffness matrix of the flexible link, elements of which are
calculated from the formula

Kl = /EI ET gy ij=1,..m
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After transformations, the equations of manipulator motion can be rewrit-
ten in the following general form

Ag+Bg+Cqg=F (2.7)
however the non-zero elements of matrices A, B, C are given by the formulas

ay) =11+ I, +2(Asinfy + Bcosby) +

m m
+Zfi(—25i sin 9 + 2a; cos 6y + wf + Z fjmij)
=1 1=1

a2 = I3 + Asinbs + Bcos by +

m m
+Z fz(—gz sin #y + @; cos 85 + w; + Z fj“m'ij)
i=1 i=1

m
a1k = Tk +Eksin92+5kc0302+2fiu,*ci k=3,.,m+2

i=1

m m
agy = Ir + Zfi(wf + Z fjmij)

i=1 7j=1

m

azk:5k+2fiu};i k=3,...,m+2
i=1 B -

ar1 =17k+Eksin02+bkcost92+2fiu,*ci k=3,...,m+2
m =1

akQ:T)k+Zfiuzi k=3,...m+2
=1

Qki = Mki 1,k=3,...,m+2

m
b = 92[ACOS(92 — Bsinfs + Zfi(—&cosﬂg - ?iisin92>] +
i=1
m m
+Zfz(w: —Bisingg + @; cos Gy + ijmij)
i=1 ji=l1

m
b = (61 + 92)[ACOS fp — Bsinf + Zfi(‘gi cosfy — @; sinﬁg)} +
i=1

m m
+Zfi (’LU;k — b;sinfy + a;cosfy + ijm-j)
1=.l . m ;7_—_1 m
by; = (6 + 92)<Z [T + @; cos §y — b;sin 02) + ijufj
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byt = 6, [A cos By ~ Bsinfy + ifi(—&-cos 0y — @; sin 02)] +
i=1
+§fi (w + i i)
bay = zfz Zf Mij
it

boi = (61 + 62) i
3=l
(3w

ey = (61 + 62) ) + 0 (—ay, cos By + by sin By) +

l\Dlr—l

+22fiu2i k=3,..m+2

=1

bra = (61 + 62) (--wk ijmk]) + QXIqukZ k=3,..,m+2

cij = ki 6§ =3,.,m+2

F= [7‘1,7‘2,0, ...,U]T

71, T2 — torque moments acting on links 1 and 2.

Egs (2.7) are the set of m + 2 non-linear ordinary second order equations,
which can be solved by means of any of numerical method. The newmark
method with an iterative procedure is applied in the present contribution.

3. Comparison between the experimental and calculation results

Both the calculations and experiments were performed for the manipulator,
shown in Fig.3. The TestPoint software was used to control the manipulator.

It is assumed, that the expected trajectory of the manipulator with rigid
links motion is the straight line zr = a = 0.478 m and, that in the initial (a)
and final (b) coordinates of the point K are also equal; i.e., yk|t:ta = 21m
and ygl,.,, = 1.2m (Fig.4a), respectively. The links were: lengths rigid
L, = 0.478m, flexible Lr = 1.725m (Fig.4b).

In the work the values of parameters t, = 0; t, = 3s were taken respec-
tively. The functions 01, 01 and 02, 02, which are used both in experiments
and calculations, are shown in Fig.5.
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Fig. 3. General view of the manipulator
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Fig. 4. Variables used for description of the manipulator (a) main parameters,
(b) parameters of the flexible link
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Fig. 5. Courses of the angulars velocities and accelerations in joints
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Fig. 6. Notation of variables used in figures
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The courses of #; and #y are obtained solving the inverse kinematics
problem for the manipulator with rigid links, taking into account the fact that
the point K of rigid manipulator moves from K, to K} along the straight
line z = a.

In order to determine the influence the number of modes m exerts on
the result accuracy calculations were made for the above mentioned data and
functions #; and #5, shown in Fig.5.

In the paper the following notation is used (Fig.6)

s - displacement of the point K
A - deflection of the point K with respect to the trajectory (the
straight line z = a).

A[107°m]k
30

25F

20

-15

Fig. 7. Influence of the number of modes on the course of function A(¢)

In Fig.7 the courses of function A(t) for different values of the para-
meter m, are shown. It is assumed, that n = 12 (n is the number of finite
elements, into which the flexible link was divided). The differences are so small,
they can be hardly seen on the scale of this figure.

In Fig.8 the differences Ar - { _ between the results

n=12, m=5 n=12, m=:
obtained for m =5 and 7 = 2,3, 4, respectively, are shown.
It could be noticed, that the difference which does not exceed 0.015 mm

(for deflection of about 25mm of the flexible link) is just obtained for a
number of the modes, which equals 3.
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Fig. 8. Influence of the number of modes on the differences between A(t)
n=12, m=5

and A1)

n=12, m=2,3,4

Then, in calculations we take the number of modes m = 3, which allows
for the results accurate enough.

As it was mentioned above, the numerical model was verified also on an
experimental stand. The trajectory of the point K was registered for the
driving functions 8, and 6y, which correspond to the curves shown in Fig.6.

In order to assess, whether the experiment and calculation courses of de-
flection of the point K are consistent, the following parameters of coincidence

are suggested:
- value of the coordinate s, for which, the function A(s) for

s
' the first time changes its sign from the negative to positive

value

Amnax - maximal positive deflection of the point K of the flexible
link with respect to the straight line z =a

A, - average value of deflection

T
A, = A(s) ds

ty — ta
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Table 1. Values of the parameters s, Amax, 45

61

Number of EN Amax Ay
experiment p; +/- +/- +/-
1 0.162 + 26.041 + 2.606 +
2 0.164 + 27.170 + 2.589 +
3 0.152 — 28.780 + 3.193 -
4 0.158 + 25.000 - 2.573 +
) 0.150 - 27.347 + 3.123 -
6 0.167 + 29.407 - 3.021 +
7 0.168 + 29.388 — 2.950 +
8 0.172 + 26.277 + 2.488 +
9 0.182 - 26.041 + 2.288 -
T
average value 0.164 27.272 2.759
o
standard deviation | 0.0033 0.5337 0.1059
calculation results | 0.1656 26.234 2.446

In Table 1 the values of the parameters for a series of 9 measurements
are presented. In additional columns there are signs ”—" or ”+”, which show
whether the following condition is satisfied

T—-30<2;<T+30

where
z; — measured value of variable
T - 1ts average value
o - standard deviation.

(3.1)

The standard deviation for the measurement is calculated according to the

formula

where p — number of measurements.
Analysis of the results from Table 1 shows, that the condition (3.1), put into
all three quantities s, Amax, 45 concurrently, is satisfied by measurements
P1, D2, pg, shown in Fig.9, in which, the result of calculation is also placed.
The calculated deflection from trajectory z = a is compared with average
of measurements in Fig.10.
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Fig. 9. Comparison between the calculation and measurement results in the case
without an additional mass: w — calculation result; p;,p2,ps — measurement results
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Fig. 10. Deflection course of the manipulator end from expected path:
w — calculated course; p — average of measurements

The diagrams from Fig.9 and Fig.10 show good agreement between the
calculation and measurement results.

Table 2. Average value of measurements and calculation result

Zyp T £
Parameter average of | calculation | error
measurements results
s; 0.166 0.1656 | 0.2%
Amax 26.496 26.234 1.0%
A, 2.561 2.446 4.5%
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In Table 2 are average values of measurements, calculation value and per-
centage errors.

Maximal difference between the values resulting from experiments on the
test stand and calculated ones does not exceed 5% for the considered case.

4. Conclusions

The mathematical model does not include all features of the real manipu-
lator. The phenomenon, connected with dynamic of the drive, flexibility and
clearances existing in a real drive system, were neglected. The manipulator
motion control realised on the test stand, did not provide accurate realisation
of the calculated angular velocities for both links. It was mainly caused by
application of the TestPoint software on a PC computer (operating system
—~ Windows’95). The measurement results could correspond to the calculated
ones in a better way, if a real time system would be used for control.

The results of calculations and measurements allow one to formulate the
following conclusions:

o Sufficient accuracy of calculations, using the modal method was obtained
for m >3

e Comparison between the calculation and measurement results (Fig.9)
proves nearly the same courses of the point K deflection from the cal-
culated trajectory (relative error does not exceed 5% ~ Table 2).
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Réwnania ruchu i dynamiczna analiza plaskiego manipulatora
z podatnym czlonem

Streszczenie

W pracy przedstawiono model matematyczny plaskiego manipulatora typu SAN-
DIA z podatnym czlonem. W modelowaniu podatnego czlonu zastosowano metode
modalng. Dokonano poréwnania wynikéw symulacji numerycznej z pomiarami na
stanowisku badawczym. Blad wzgledny odchylenia, trajektorii wybranego punktu
manipulatora, zmierzonego na stanowisku badawczym w odniesieniu do trajektorii
otrzymanej analitycznie jest mniejszy od 5%.
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