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A bimaternial, consisting of two conjugated half-planes possessing diffe-
rent thermophysical characteristics, with an interface crack closed due
to external pressure is considered. The growth of interface plastic zones
near the crack tips, caused by a heat flow and thermal resistance of crack
faces, is investigated. The complex potentials of the problem that define
main characteristics of the bimaterial thermal stress state are expressed
in terms of interface jump discontinuities of temperature and tangential
displacements, which simulate the crack and plastic zones. A system of
singular integro-differential equations in these functions is obtained. The
length of plastic zones is derived from the condition for interface shear
stress boundedness in the tips of these zones. The closed form expres-
sions for the displacement jumps of the bimaterial components and the
plastic zones length are obtained for a certain thermal resistance.

Key words: bimaterial, closed interface crack, heat flow, thermal resi-
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Notation
Dy,D2 — lower and upper components (half-planes) of the bimaterial
L -~ interface
A1,A2 - thermal conductivities, [W/{mK)]
A — averaged thermal conductivity, A = 2XAA/(M + Az)
[W/(mK)]

o1,  — coefficients of linear thermal expansion, [K™!]
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shear modulus for both half-planes, [Pa]

Poisson ratio for both half-planes

mechanical material constant, « = 3 — 4v
thermophysical material constant, 7 = (/A1) + (a2/A2)
[/ W]

temperature, [K]

components of the heat flow vector, [W/m?]
components of the stress tensor. [N/m?]

components of the displacement vector, [m]

external pressure, [Pa]

heat flow at infinity, [W/m?]

dimensionless heat flow, @ = 2ang

shear yield value, [N/m?]

dimensionless interface shear yield value, S = r,/pu
step-wise constant function

parameter in the thermal resistance function, [m*K/W]
thermal resistance function, [m?K/W]

dimensionless thermal resistance, R = Arg/(2a)

crack half-length, [m]

distance from the crack center to the end of plastic zone,
]

dimensionless plastic zone length, d = (b —a)/a
interface jump of crack faces temperature, [K]

interface jump of tangential displacement, [m|
dimensionless jump of tangential displacement,
Glz)=gl(z)/a

complex potentials

refers a quantity to the kth half-plane, £ = 1,2

denote the boundary values of functions as they approach
L from the upper and lower half-planes, respectively

denotes differentiation with respect to z.
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1. Introduction

The difficulties, arising when constructing a physically valid solution wi-
thin a traditional formulation of problems in mechanics and thermomechanics
of composites with interface cracks, stimulated a number of works dealing with
new approaches to solving such problems. Among them, the papers in which
the interface phenomena and processes were taken into account by means of
boundary-contact conditions, have received a marked attention. In particu-
lar, mechanical contact of crack faces was investigated by Comninou (1977).
Atkinson (1982), Simonov (1990), Loboda (1993), Antipov {1995); interface
plastic deformations, yield and process zones near crack tips were studied by
Yang and Kim (1993), Fujii et al. (1994), Kaminsky et al. (1995), Sheve-
leva (1997) (see also the references cited there). Barber and Comninou (1983)
considered the penny-shaped interface crack making an allowance for zones of
perfect and imperfect thermal contact of its faces. Kit and Martynyak (1996)
showed the possibility of thermal opening of the initially closed interface crack
possessing thermal resistance. Kaczynski and Matysiak (1989) constructed
non-oscilating solutions of the thermoelastic problem for the laminate com-
posite with an interface crack using a homogenized model of microperiodic
medium.

Formation of thin plastic zones near crack tips in homogeneous solids was
studied by Olesiak (1968, Kassir (1969), Pawlowsk! and T'sal (1997) for bodies
subjected to heat fluxes factors and by Olesiak (1988) for bodies subjected to a
thermodiffusion process. Kit and Krivtsun (1983), Matczyniski and Sokolowski
(1989), Gross (1993), Balueva and Matczynski (1997) investigated the contact
of crack faces in homogeneous bodies due to a heat load.

A series of problems to be dealt with when considering contact phenomena
of bodies interaction making allowance for a non-ideal contact caused by ther-
mal resistance was examined by Shvets and Martynyak (1988), Kryshtafovych
and Martynyak (1997), Shvets et al. (1997).

In this paper we are going to study thermal initiation of plastic zones near
an interface crack with contacting faces in bimaterial consisting of thermally
dissimilar half-planes. The crack is closed due to external pressure, heat flows
in the direction perpendicular to the interface and crack faces are in a non-
ideal thermal contact characterized by a thermal resistance. Considering the
stress and strain state of such a structure within the framework of linear
thermoelasticity, Kit and Martynyak (1996) recently showed that the crack
thermal resistance gave rise to a considerable concentration of the interface
shear stress, which is of root singularity in the vicinity of the crack tips. Thus.
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it can yield plastic strain if bimaterial components are elastic-plastic. Here,
we consider the structure of elastic-perfectly plastic material and study the
interface plastic shear in it. The problem of thermoelastoplasticity is reduced
to the corresponding thermoelastic problem in which the plasticity is taken
into account by certain interface conditions.

Such a mathematical model is based on the following assumptions:

o The plastic zones form on the interface at the crack direction

Shear stress in the plastic regions is equal to the interface shear yield

value 7

Tangential displacements of bimaterial components have a break in the
plastic regions, that is caused by the interface plastic slip of components

Interface shear stress is limited in the ends of plastic zones.

It is worth pointing out that this approach is also applicable if plasti-
cally the deformed material occupies thin regions stretched along the inter-
face. Then 7, needs to be taken as the least of the yield points of bimaterial
components. If a system consists of elastic components joined by a thin elastic-
petfectly plastic interlayer, then 75 is to characterize its yield point. Such a
model of plastic behaviour of a glue layer in the bimaterial with an interface
crack under a pure force load was applied by Yang and Kim (1993).

2. Formulation of the problem

A bimaterial, i.e. a piecewise-homogeneous body, consisting of two elastic
isotropic half-planes D; and D is considered. Materials of the components
have different thermal characteristics (A # Ao, a1 # <o) but identical the
mechanical ones (pu; = po = p,11 = vo = v). The 2a-length crack is located
on the dividing line L (Fig.1).

It is assumed that the external load ensures the realization of steady-state
of heat conduction and 2D strain state of the body. At infinity the system is

subjected to the external uniform pressure o;° = —p and the aniform heat
flow ;¢ = ¢ that are perpendicular to the line dividing the components.

Besides, at infinity (@ = foo) the bimaterial is attached so that under the
prescribed heat and force loading conditions there arises the following stress



(GROWTH OF PLASTIC ZONES... 253

J v '

Gy, Ay, pt, v D,

plastic zones y

i b t

Fig. 1. Mechanical system considered

linearly distributed along the coordinate y
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Such a stress will arise in the bimaterial components if they are joined at a
considerable distance fromn the crack (2 = toc) with thermally insulated,
rigid flat walls that are parallel to the axis y. Contact of the bimaterial with
the walls is such that it allows of free slip (775 = 0) to appear but inhibits
displacements along the z-axis (u° = 0). The stress 02° compensates global
warping and elongation of the half-plane boundaries caused by the applied heat
and force loading (see Fig.1).

The crack faces are in contact due to the pressure and their mechanical con-
tact is assumed to be frictionless. The thermal contact of faces is non-ideal and
it is characterized by the thermal resistance, given by an even function r(x).

Let us consider formation of symmetric interface plastic zones along the
segments —b < z < —a and a < z < b provided the shear stress reaches
the shear yield Value 7, there. The length of these zones is unknown. Let us
determine thermal stresses in bimaterial with such interface flaw and establish
the dependence of plastic zones length and tangential displacements interface
jump on the heat loading.

The boundary conditions of the problem are the following:

— thermal

T~ =T =r(z)qf le] < a (2.1)
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G =q jz| < a (2.2
— + - — 4t o
T T (Iy - ([y |l| Z a
q,° =q
— mechanical
Uy":a;' Tl._y:T;y v =t rEL (2.5)
v = ut |.7,|Zb (2.6)
Ty =0 T =0 o] < a (2.7)
Ty = T_;Ty = —7gsign(z) a< |zl <b (2.8)
. ( I r2o0(1 +v)ug .

3. Solution to the problem

From Eqs (2.1)-(2.3), (2.5)-(2.8) it is clear that the component ¢, of the
heat flow vector, the displacement vector component v, and the stress tensor
components o, and 7,, are continuous while passing the boundary line L.
The temperature is discontinuous on the crack interval, but the displacement
vector component w reveals a jump on the segments of both a crack and
plastic zones. Therefore we consider the interface jumps of temperature

T--T% =~(a) r €L (3.1)

and tangential displacements

w —ut = g(x) z €L (3.2}
so that
y(2)=0 if |zl >a
glz) =20 it Jzl >

On the basis of the results of Kit and Martynyak (1996} we write the
temperature, stresses and displacements

T(z,y)= Re{F(zH—iE
Ak
1 r2a(1
ox(@,y) + 0y, y) = 4ReBy(z) + T 2ol o,
- v AL
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(2,y) —impylz,y) = Pp(2) — Pp(Z) + (2 = 2)P)(2) — p (3.3)

2ulw/ (2, y) + v (2, y)] = 6Bi(2) + Bp(3) — (2 — Z)P(2) + 2u(l + v)ap F(2)

through the piecewise-analytical functions F(z), @x(z)

LA [
Fz)= - /\erl/t—z

b
= : . L. L)
@1(ﬂ)——(~1)kl+h [2(1+U)C¥AF(4)+;/:CZ?‘] (34)
—b
Py(z) = —PDy(2) z € Dy k=12

that are defined by the jumps (3.1), (3.2).

Eqs (3.3) satisfy the conditions (2.2)-(2.6), (2.9). Having satisfied the
conditions (2.1), (2.7) and (2.8) by using of Eqgs (3.3) and (3.4) we obtain
the system of singular integro-differential equations in the functions ~(2) and
9(z)

ﬂﬂ_i/ﬂwm_ ) |
7(,2/) I ' 1 — 1 =4q T € [ a,a] (35)
b a
'Mﬂﬂ_MHWM/ﬂHﬂ_ _ L o
—b Za
where
L4 0 if |2 <a oL
To(2) = { —7,sign(a) il a<|z|<b (3.7)
The sought functions should satis{y the conditions
/7’(1‘)(1.1‘:0 (3.8)
b
/g'(x) dz =0 (3.9)
Zb
g'(£b) =0 (3.10)

Eqs (3.8) and (3.9) are result from the natural conditions ~(£a) = 0,
g(£b) = 0. Eq (3.10) follows from the requirement that the stresses, defined
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in the terms of function ¢'(z) by Eqs (3.3) and (3.4), should be bounded at
the ends x = &b of the plastic zones.

The temperature jump y(z) is derived from the Prandtl-type integro-
differential equation (3.5) and Eq (3.8). Then we define the derivative of the
displacement jump g¢'(z) from Eq (3.6) according to the known formula (see
Muskhelishvili, 1953) that expresses the solution to a singular integral equ-
ation with the Cauchy kernel. Therefore we seek according to the condition

(3.10) the bounded solution to Eq (3.6)
A7 Ts : , _
5 x m[ﬂ(b,fﬁ,d)“*‘]{(b,l, CL)] (311)

where

b — o+ JT0F = )0 — €2
Having substituted for the function ¢'(2) into Eq (3.9), we define the
limits of the plastic zone extension

Hib,2,6)=ln

b= la2+ [M/ymm]? (3.12)
27

Hence, Eqgs (3.11), (3.12) together with Eqs (3.3}, (3.4) give the solution to the
problem on the thermal stress state of the bimaterial with an interface closed
crack and comming off the interface plastic zones, the appearance of which
is caused by a contact thermal resistance of the crack faces. From Eqs (3.5),
(3.11), (3.12) we can see that the jumps of temperature and displacements
between the crack faces are absent {y(2) =0, g(z) = 0) and the plastic zones
do not appear (b = a) if the thermal contact of faces are ideal (7(z) =0).

4. Example

Let us analyze the formation of plastic zones, when the crack thermal
resistance is in the form

() = oy /1 — (%)2 o] < a (4.1)

In this case Eq (3.5) has the following closed-form solution

_2gva? - z?

N [z] < a (4.2)
7o

v(z)
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According to these expressions and Eqs (3.11), (3.12) one can write

g(z) = (1 + o [4\/()2 —q? <7r — arccos 5) +
+ (z—a)H(b,z,0)+ (z+a)H(b,z, ~a)} n
(4.3)
T\? .o
+ 1 in:‘;oa\ {[3_(—a) - s_(a)][g 1 - <§) + arcsin 2 + g] +
+ w.s_(a)} |z} <b
b = a |14 [M]Z (4.4)
27‘;(1—}- IOA)
where
ww={y H 5

The results of calculations made for the dimensionless plastic zone length
d, thermal resistance R, tangential displacement jump G, interface shear
yield point S and abscissa X, are shown in the figures below.

2
J 0.25 WQ/S=0.6
020l |
0.15L N 1 AN
1 04,
0.10 . =gl
0.05 J
0 2 3 3 8 10

Fig. 2. Effect of the thermal resistance on the plastic zone length

Fig.2 illustrates the dependence of plastic zone length on the crack ther-
mal resistance. As one can see all curves start from the origin of coordinate
system. This means that under the prescribed heat loading the interface pla-
stic zones in bimaterial do not arise if the crack faces are in the ideal thermal

3 — Mechanika Teoretyczna
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contact (r = 0). The length of these zones enlarges and tends to the maxi-
mumn value, corresponding to the case of thermally insulated crack (r = oo),
if the thermal resistance increases. Besides, it may be easily noticed that the
plastic zones length also enlarges with heat flow increasing provided the crack
thermal resistance is constant.

0.08 ] —
$=1.42
G/S R=0.5| I Q/y 1.06
»
0.04 L——l—-—4 —]
| | | | 0.58
| crack | } |
0 - — —_
' .‘
-0.04 | “ﬂ_——g
| } |
l |
-0.08 1 L L
-5 -1.0 0.5 0 0.5 1.0X 1.5

Fig. 3. Dependence of the interface jump of tangential displacements on the heat
flow

Fig.3 shows the relative interface shear of bimaterial components for the
crack with thermal resistance K = 0.5. The jump of tangential displacement
is an odd function owing to the problem symmetry. The absolute value of this
jump increases with growth of the heat flow intensity. It attains maximum
near the crack tips within the intervals 0.7 < |X| < 0.8 and it is equal to zero
at the ends of the plastic zones.

5. Conclusions

The analytical treatment of thermal stresses and displacements in a bi-
material with closed interface imperfections and with an interphase boundary
admitting plastic shear of the components makes it possible to draw the fol-
lowing conclusions.

A contact thermal resistance of the crack faces causes formation of the
interface plastic zones in a bimaterial subjected to the heat flow perpendicular
to the interface. This phenomenon does not occur if the thermal contact of
the crack faces is ideal. The length of plastic zones depends on mechanical
and thermophysical properties of the bimaterial components in the following
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way: elongates as the coefficients of linear thermal expansion and the shear
moduli increase and the interface shear yield value goes down. Besides, the
greater is the heat flow at a constant thermal resistance or the greater is the
thermal resistance at a fixed heat flow — the greater is the plastic zones length.
An absolute value of the interface jump of tangential displacement enlarges
on both the crack interval and the plastic zones if the heat flow increases. Its
maximum is not on the plastic segments but on the region of crack.

Referring to the investigation of Kit and Martynyak (1996) the following
question may arise: how does the growth of plastic zones effect on the opening
of initially closed interface crack possessing a thermal resistance. An answer
to this question can be obtained by applying the model proposed here to the
bimaterial consisting of thermally and mechanically dissimilar components and
by analyzing the influence of plastic zones on the contact pressure of closed
crack faces.
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Rozwdj stref plastycznych wokdl miedzyfazowej zamknietej szczeliny,
spowodowany strumieniem cieplnym

Streszczenie

Praca poswigcona jest analizie utworzenia cienkich stref plastycznych wokdl kor-
céw szczeliny umieszczonej na mledzvfazowej granicy bimaterialu zlozonego z termicz-
nie réznych podlplaszczyzn. Bada sie rozwdj odksztalcen plastycznych spowodowany
strumieniem cieplnym 1 oporem termicznym je) brzegébw wokdl koncdéw zamknietej
zewnetrznym cisnieniem szczeliny. Potencjaly zespolone, ktére wyznaczaja stan
termosprezysty bimateriatu, plzedstawmne sa przez miedzyfazowe nieciaglosci tem-
peratury i przemieszczen stycznych, ktdrymi modelowana jest szczelina 1 strefy pla-
styczne. Dla ich wyznaczenia otrzymany jest uklad réwnan singularnych calkowo-
rozniczkowych.  Dlugosé stref plastycznych oblicza sie z warunku ograniczanosci
naprezeni stycznych miedzyfazowych na koncach tych stref. Dla konkretnego oporu
termicznego szczegdlowo przeanalizowano nieciaglosé przemieszczen brzegdw szczeliny
1 dlugosé stref plastycznych.
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