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of calculation of stiffness coefficients in cross-section weaknedbythecruks
bas been given. A method of construction of the equations of motion for
the system has been given. The equation have been derived from the genezal
formmla for the torsional vibrations of shafts taking into account the boundary
conditions. The method hes been illustrated with the help of examples; the
ﬁmthmmﬁmdmmmndvibrnmafashaﬁm&mnd

tuocradm,rmpechvely were calculated.

1. Imtroduction

There are plenty of causes of the formation of cracks in shafts. One can have
cracks cansed by fatigue, which are formed in shafts running within the range
of a limited fatigue strength. They may also occur due to mechanical damage.
The other group of cracks form those inside the material. They are caused by he
technological processing of the material, which is used to make the shaft.

Cracks create a risk factor for good operation of shafts. Most of breakdowns
in modern machinery is due to the fatigue of the material. Thus, methods which
enable early detection and localization of cracks are currently under investigation
in many scientific centers. In the case of cracks which form first on the outer
surfaces one can identify them by optical observations. For the case of internal
cracks one can use X-rays or ultrasonic methods. In both cases one has to switch
off the whole machinery, what in economic terms quite amounts to big losses.

A cracks in the shaft causes local changes in stiffness {1]. These changes,
in turn, affect the dynamics of the system. Both natural frequencies and the
amplitudes of forced vibrations are changed [2 + 13]. Analysis of such changes
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enables one to identify the cracks during operation, withaut any need to switch

off the machinery [14 + 17].
In the present work we shall present an analysis of the influence of n cracks

on the eigenfrequencies of the torsional vibrations of the shaft.

2. Calculation of the effective stiffness at the location of the crack

R

Fig. 2. Nomenclature for cracked cfoss—sectio,n of a shaft. :

We assume, that a crack was formed according to the second and third model
of the development of the crack (Fig.1). The dimensions of a transverse edge crack
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are presented in Fig.2. The local flexibility of the crack is given by the relation
(cf [10])

b a
* .

where i
J(a) - strain energy density function (SEDF),
F; - corresponding force at the cross—section.

In a general form

6 2 6 2 6 :
J(a) = 'El;[(ZKli) + (Zle) +m(z;K1m)2] (22)
=1 i= 1=
where
E, = E for plane state of strain,
E, = 1—;%' for plane state of strain,
E - Young modulus,
m=1+4+v,
v - Poisson ratio,
K;; - stress intensity factor (SIF), ¢ = I,II,III, j=1,..,6.
In the case under consideration we assume ¢ = II,IIT and j = 6, what is
equivalent to the load of the shaft being caused only by the torsion moment. SIF
are calculated with the use of the relations [10]

K = astt‘/ll—‘; Fy, (%) (2.3)
and : »
Kum = 0'0111‘/11—0 Fry (%) s (2.4)
where
Cerr =_%§; (2.5)
Oerrr = 2P6_1—12'-['1?:j3 (2.6)
and also »
2 3
1.122 - 0.561( ) + 0.085(%) + 0.18(%
Fulf) = ( 2/1 (a)( Jrost) oy
: ~%
Fiy (%) - E.;—,\' ' (2.8)
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with that: ) = Ila/(2k), h=2vVR? — 22
Denoting % = z/R, & = ¢/R, h = a/h and assuming a plane state of the
deformation, for the case of torsion the stiffness coefficient (2.1) is given by reiation

X
1-v% 16 2 &
= "B TR o/b/[aa:ze (R)+ ma(1 - 2)F "(h)]dadz (2.9)

Quite often, the stiffness coefficient is presented in the dimensionless form

IIER:"

then
b 1Y
3 =% / / [az*F2, (h) +ma(1 - 2)F%, (R)] dadz (211)
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Fig. 3. Dimensionless form of the stifiness coefficient ¢,

The values of the coefficient have been calculated by the authors with the use
of the standard procedure for numerical integration. The subroutine QSF of the
IBM library of programs has been employed. The results are given in Fig.3.
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3. Calculation of the natural frequencies of the torsional vibrations
of the shaft with cracks

We assume the equation of the free vibrations of the shaft in the form

e _Goe

32 ;Bz"’ =0 | (3.1)

~ where

G - Kirchhoff modulus,

p — density of the material.

Having the dimensionless quantity £ = z/L (where L is the length of the
shaft), and the solution to the Eq (3.1) in the form of

#(z,1) = P(z)e™ (3.2)
22C) | waa(e) = 0 (C2)

where: ug = pl2022/G. '

Introducing, in the places where the n cracks are located, elastic elements we
.get a system of n+ 1 segments of the shaft. The stiffness of the above mentioned
elastic elements is calculated as the inverse of the flexibility e¢,,.

I
i
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L

Fig. 4. The model of the shaft with n cracks

The model of the system is given in Fig.4. For every segment of the shaft the
solution to Eq (3.3) is assumed to be of the form

€;(§) = Aisin{wof) + B cos(wof) i=1,.,n+1 (3.4)

The following boundary conditions are assumed
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1) angle of rotation in the place of fixing equals zero
$:(0) =0 ._ e L i)

2) torsion moments within cross-sections of the shaft have the same magnitude
(t=1,..,n) ) .
ACHER I (D) - (3.6)
where: f§; = L;/L l

3) there is a discontinuous jump of the torsion angle at the location of a cra.ck

(i=1,..,n)
= ﬂ’,(ﬂ,) +* Qx+l (:3:) = k; GJ0¢ (ﬂt) (3-7)

where: k; = 1/¢,,
4) torsion moment vanishes over the end section

"+1(1) = - (3.8)

Inserting Eq (3.4) into Eq (3.3), if one takes into account the bounda.ry condi-
tions (3.5) = (3.8), one gets a set of equations in the form of

2o IEER

_ B 0
[ S2 Az 0
53 B, 10
. o= 39
:
Sn An+l 0
| . 005, S, ] LBn-H. Lo_
where: S, = coswp, 5, = —sinwp
coswoB; | —sinwgf; — coswof; sin woB;
Si=1 sinwgf; | — coswpf; sin wpfi— : cos woBi+
—k.‘GJoLdo COS‘Woﬂi +kiGJowo sin woﬂ,'

The determinant of the square matrix $ of Eq (3.9) has characteristic roots
woi, Which we can calculate by solving the characteristic equation

detS =0 (3.10)
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. Knowing the roots wgi, we calculate the eigenfrequencies of the torsional vi-

~ brations
Wi /G .
D" = —L— ; 1= 1,...,2(‘" + 1) (3.1])

4. Example of calculations

In order to perform numerical calculations the authors have written a com-
puter program named SHAFT, which can be used for calculations of the natural
frequencies of the torsional vibrations of 2 shaft with constant transverse cross—
section and with n cracks. The program has been written in Fortran 77, and has
been performed by an IBM PC/AT microcomputer.

For the purpose of simplicity, without a loss of generality, assume that there is
a simple shaft with two cracks located as shown in Fig.4. The following data are
" 'assumed: length L = 1 m; diameter 0.2 m; Young modulus E = 2.1-10° MPa;
Poisson ratio ¥ = 0:3. The calculations were performed by usirg various quotients
a/R and L;/L (i = 1,2), where a, R, L; and L are described in Fig.2,4.

The results of calculations are presented in Fig.5 + 10. Fig.5 shows the first
characteristic Toot wq; of the equation (3.10) as the function of the location and
size of one crack. Fig.6 illustrates the effect of changing the first characteristic
" root as a function of crack depth e/R. In this case the shaft has two cracks — the
size and location of the first crack, are described by ¢/R =03 and L;/L = 0.1,
. respectively. The size and location of the second crack are presented in the Fig.6.
Fig.7 presents similar functions as those presented in Fig.6 — the size and location
of the first crack are described by a/R = 0.7 and Ly/L = 0.1, respectively.
Figures 8 + 10 show the first three characteristic roots as the function of the size
and location of the single crack. The plots depend on the mode of vibrations.

8. Conclusions

This paper essentially describes the model and an analysis of influence of the
location and the size of one or two cracks on the natural frequencies of the torsional
vibrations of a shaft fixed at one of its end. The numerical results are obtained
by using the computer program SHAFT. The subroutine SIMUL [18] has been
used in the iteration procedure designed for solving the characteristic Eq (3.10).
The proposed iterative procedure is rapidly convergent. It is assumed that the
difference between determinant and zero must be smaller than some small number
¢ established beforehand. If the above condition has not been fulfilled, iteration
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Fig. 6. First characteristic root wg; as the function of the location Ly/L and the size
a2/R of the second crack, (the first crack parameters Li/L=01,06,/R=103)
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Fig. 7. First characteristic root wp; as the function of the location Ly/L aud the size
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a1 /R of a single crack '
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Fig. 10. Third chara.ctenstlc root wes as the function of the location L;/L and the size
a1 /R of a single crack
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is repeated by the program. The presented procedure can be used to identify
cracks by linking the variations in service of the structural natural frequencies to
structural changes due to the cracks.
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Analiza wplywu szczelin ‘p.n czestodci wiasne drgai skretnych waléw

Streszczenie

W pracy przedstawiono analiz¢ wplywu jednostronnych szczelin poprzecznych na
czestoéci wlasne drgas skretnych waléw. Omoéwiono metodg obliczania sztywnosci zas--
tgpczych walu w miejscu szczeliny, oraz metodg tworzenia réwnania charakterystycznego
sluzacego do wyznaczanm czestosci skretnych drgan wlasnych peknigtego walu. Przedsta-
wiony w pracy model i algorytm zilustrowano przykladami obliczer numerycznych wplywu
polozenia i glebokosci Jegnej i dwoch szczelin na trzy pierwsze czestosci skretnych drgan
wlasnych walu.
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