MECHANIKA TEORETYCZNA
I STOSOWANA

Journal of Theoretical

and Applied Mechanics

2, 30, 1992

BENDING OF A COSSERAT PLATE UNDER ITS OWN WEIGHT
AND NORMAL UNIFORM LOADING

—~—

(GRZEGORZ JEMIELITA

Warsaw University of Technology

Followmg the considerations published in [1] the aim of the present paper to

is determine the representation of the displacement vector and the infinite-

simal rotation vector describing bending of the Cosserat plate subject to its

own weight and to the normal uniformly distributed loading. The presented

bibarmonic representation reduces the equilibrium problem of such plate to

?u single non-homogeneous biharmonic equation involving a plate deflection
nction.

1. Introduction

A generalized plane state stress (GPSS) in the micropolar plate was defined
, elsewhere [2] and the biharmonic representation was presented discribing this pro-
blem in the plate made of Grioli-Toupin material. Generalization of this repre-
sentation to the Cosserat plate was made by the Author [1]. In both cases the
homogeneous problems were considered reducing the description of bending of such
plates to a single biharmonic equation involving a deflection function. '

In the present and next papers we will consider non~homogeneous flexure pro-
blems in plates made of a Cosserat material or a material with constrained rota-
tions (Grioli-Toupin material). Now we will investigate the plate under its own
weight and normal uniform loading acting on the faces of the plate. Representa-
tion of the displacement vector and the infinitesimal rotation vector being given
is, to the best author’s knowledge, unknown in the literature.

The basic equations of the Cosserat medium are given by Jemielita and Nowacki
[1,3]. The summation convention is adopted. The Latin indices run over 1,2,3 and
the Greek ones - over 1,2. Comma implies partial differentiation.
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2. The biharmonic representation for the simple non—homogeneous
problem

Let us investigate an elastic layer with thickness h subject to the bending under
its own weight and normal uniform loading ¢ acting on the faces z® = z = +h/2.
The solution to the differential equations

- n) ¥ o + 2K€5° (d>3,p - dm,s) =0
(2.1)

(14 m)(Vhua +u5) + (5 .lzu

R) u‘,;g + 2ne°ﬁ¢ﬁ,a + —IIIX;_., =0

(1+)(V2us +45) + (1 __12V -

(1+)(V6a+ 62) + (B+7 - )8 0 + 2 [6a? (us ~ u53) — 26] = 0

(22)
(7 +6) (V245 + 65) + (B+7 - )¢ i+ 20(€7¢p,0 — 24a) = 0
with the boundary conditions on the faces i
h
AR R
O3qa (:c ’:tQ) =0
h q
o) =41
oss(z ,:t2) =+ (2.3)

#3.'(::,:tg) =0

will be sought with the help of the semi-inverse method. .

The stress tensor is denoted by (o;;) and the couple-stress tensor by (ui;);
(€xp) represents the Levi-Civita permutation symbol; (u;) stand for components
of the displacement vector; (¢;) represents components of the vector of infinitesimal
rotations; X3 stands for a component of body forces and (-) = %l(j)-.

The quantities s, A, a, 7, £ and § are material constants of the Cosserat
medium in the Nowacki notation [1,3], where s and A can be viewed as Lamé’s
moduli, v represents Poisson’s ratio and the nondimensional constant % is given

by
a
K=— (2.4)
B
Let us present the components of the displacement vector (u;) and the compo-

nents of the infinitesimal rotation vector (¢;) in the form (cf [1]}

uo(2P,2) = —20(2P) o + 3(2)V?0(2) o
(2.5)

(=, 2) = o(&) + V() + = (g()a+ § 2) )
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da(z7,2) = eaﬁ(v(z"),g + RZ(Z)V21J(I‘Y)N3)

(2.6)
$3 =0
where ¢ = const., §= X3h = const., 9(z) and g (2) are unknown functions.
Functions s(z), f(z) and Rz(z) are defined by [1]
(2 - v)h? 422 2, sinh kz
= -t - —) = I*h
s(2) 24(1 - u)z(c"’ h? ) sinh &
h? 2vz?
S 22V _(92- 9
1) = 55— 6(1- =) - @-»)Cy] (2.7)
h? 22 12(1 - v)coshkz
Ra(2) = 51—y (3-2-v)Cr+1201- R Tt %ﬁ)
where
+¢ N? K
=1 2 _ V7 N2 = _F )
4u k i? 1+=x (2:8)
The constant C; determines the physical meaning of v(z?®).
We predict that the function v(z®) satisfies the equation
DV4v = Ag+ Ad (2.9)
where D is the rigidity of the micropolar plate determined by
uh? ?
D= = = -V)— 2.10

and A, ;1 are the unknown constants.
Substituting (2.5) and (2.6) into Egs (2.1) and (2.2), we find the nonzero
solutions to this set when the function v(z®) satisfies Eq (2.9) and the functions

g(z) and g (z) satisfy the following simple ordinary differential equation

1= - - -am)
(2.11)
7' ()= —2h1'~’(—1 2—Vu){1 _#};A [7+5 —3'2:/ +a(f - o 2R}
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Hence we obtain the following functions g and ¢ defined by

2

ph3A 2?

902) = 3= )D [24(1 V)2 (31 -2) + n(2-»)C2 - 201 - l/2)23) +
2 COSs V4
#2 g f,, -3 (2.12)
x ph3A z2 a1 ) Co 21— 22
g(z)=2(1—u)D[24(1_ )2(( ~2)+v(2-v)Cy — 2( —V)p)+
2 inhkz 1-2v 2 « 1
+2(1- )kh3snh bzh] ‘(1(1_,,;;2-035 (2.13)

The integration constants C3 and C"3 depend on the method of determination
of the function v(z?).

The constitutive relationships of an isotropic homogeneous and centrosymme-
tric medium in the Nowacki notation have the form [1,3]

0ij = (n+ a)yij + (4~ @)y + M,
(2.14)
i = (1 + €)Kij + (1 — €)Kji + BK* 16,
where (7;;) and (K;;) are components of the deformation tensors defined by
¥ij = uji — ¥ ijdn Kij = ¢;, (2.15)
The boundary conditions (2.3); and (2.3)3 are identically satisfied, while the
boundary condition (2.3); will by satisfied when the constans A and A are
A=4=1 (2.16)
Finally, using formulae (2.5) + (2.7) and (2.12) + (2.16), we obtain the follo-

wing formulae defining the displacements, rotations and stresses, respectively

wo(e,2) = - {s0(e)a + [G a0 - 35 +

z'*’hs‘z: k:]VZU(:ﬂ).a}
(2.17)
uz(2?,2) = v(2f) - EZ(—I—_—V—)-[G 1- 2;:22) (2~ v)02] Vu(zP) +

h [612(1 — v)coshkz 22 (
§ kh3 sinh % 8(1 - v)h?

31-2v)+v(2-v)Cy -
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6!/%(1 — v) cosh kz Q- 2v) 22

2
Y AR WEPON B AL
21-v)5) C3]p+5[ Fhosinb & 4(1-w)htt T
il 3(1 -2 (2 -v)Cy - 2(1 - 2)2—2)-5]?—
+8(1—V)h2( vy+v ) 2 v ) 3 P

Oap(z7,2) = — 121‘ {z((l — V), + szvéag) +

+[M (C2 - ——) +(1- )12hs’“h'°z]vzv(z’)an} +

24 h?

+1 - V%[%(z&— (2 - v)Cy +4(1 - u)%) ~1] T bap +

+m¥m (3-(2-1)C2+4(1~ u);—Z)qaa,, (2.18)
0a3(z?,2) = -Z(—;f-’f—l/)[(l 4’::) +8(1— )EP—C-‘%%]V%(::B),Q (2.19)
034(2P,2) = 4({1)12”)( %Z;)Vzv,a (2.20)
owo®,2) = {7 0 - 453) + O] - 1 i

+% [E (3- 4’{;) 24(1’; :1’; th kz] (2.21)
8a(a7,3) = [0 + s (- )G -3 - 121 - 4

B o
(2.22)
¢ =0
. h coshkz h?

= 4ul®ez” oy - —v)—
}LQB(I ,Z) 4ulep {T’,'ya + [2k sinh E;_:é 24(1 - I/) (3 + i2 (1 V)
~(2 = ¥)C2)| V2050 + 4plPnea{vps + (2.23)

h coshkz h? 1922 ,
[ﬂ sinh 2~ 24(1 - ») (3+ S (1-v) = (2~ v)C1)|V?0,6}

pas(z,2) = 0 (2.24)



374 G.JEMIELITA

z sinhkz
Haa = ~2ulthea” (25 - 5 )V,
2

sin

(2.25)
Ha3d = Ni3a

It can be readily seen that, if the function v(z®) satisfies Eqs (2.9) and (2.16),
all the differential equations of equilibrium

0 =0
P i+X3=0 (2.26)
G‘jka'jk + ”ﬁd =

and the boundary conditions (2.3) are satisfied.

The formulae (2.17) < (2.24) obtained above are given in the most general
form, not encountered by the author in literature. We select the constants Cs, Cj

and 6'3 in such a way that the function »(z®) has a simple physical meaning
~ for

Cy=3

_5(1+v) | 621 - u)
=" t T
. _51+v)  1-2v 612(1—1/)

h = (2.27)

T T 16(1 —u)f kh3 h_
the function v represents a deflection of plate faces
oyl (o h -
w(z%) = u3 (.’r ,:!:5) (2.28)
- for 2( )
6 * 6/°(1 -v
Cy = Cy=C3= ———— 2.29
2Ty 3 =Cs kh3sinh% (2:29)
v represents a deflection of the mid-plane
w(z*) E us(z,0) (2.30)
-~ for
6—-v
Cy =
2T oy
27—t 1212
Cs = .
3~ 960(1 - v) t e -Y) (2.31)

. W-Tr 1-2 1212
C3= S60(1=») ~ 38(1 = u)‘f ETTiCat
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the function v is a simple average

. h/2
w (z%) % i / uz(z?,2)dz
—-hf2
- for
_3(10 - v)
C2 = 5(2 - v)
_3(65-9v%) | T2(1-v) kh 2
Co= N0t —v) ¥ T R (coth 5 - 32) (2.32)
«  3(65 - 9v?) 1-2v 720%(1 - v) 2
37 112001 - v)  80(1- u)f T ( th 7 - k2h2)
is a weighted average
3 h/2 )
- daf z o
() & / (1 - 45;) us(a®, 2)dz
—h/2

It is evident that according to the introduced deflection, we can represent displa-
cements end stresses in different forms.

3. Limiting cases. G-T and Hooke’s plate

The representation of the displacement vector in the plate made of Grioli-
Toupin material is a limiting case when « tends to infinity [1].
Assuming & — oo in formulae (2.8), we obtain

Ni=1 K2 =1 (3.1)

Substituting the equality (3.1) into formulae (2.17) + (2.25), we obtain the displa-
cements, rotations and stresses in the plate made of G-T material. In this case
¢ = jrotu [1].

To obtain the displacements and stresses in the plate made of the classical
Hookean material one should pass to zero with [ [1,2]. On computing limits of the
expressions (2.17) + (2.21), we arrive at

ua(z?,2) = —-{zv(zﬂ),a-i— [ﬂ'(_i'i)ll—; (C’ %)]V%(zﬂ),a}
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wl#,2) = () - g [6(1 - 25) - 2= )]V + (32)

24(1-v) h?
2 ;2
+h[m(3(1 W)+ u(2-v)Cy— 21 - uz)ﬁ) - Cs]ﬁ +
22
+h[8(_1521/w(3(1 — W)+ v(2-v)Cy - 2(1 - uz);—ﬁ) -
(1-2v)22 = q
Ty(1- :)h2— 3]‘
oa5(z7,2) = —12_uu{z((1 - V)vap+ quvéag) +
+Q':2TV)L (Cz Iz )Vzv(ﬁ)v‘*ﬁ} +
L;zl_ [—( -(2-v)Cy +4(1 - )—2) - 1]. atsm@ +
+m(3 -(2-v)Cy +4(1 - V)Z—Z)qéag (3.3)
0a3(2”,2) = 034(2°, 2) = —4(11%(1 ‘;:2 )V2 (3.4)
z 22 22
o33(z%,2) = 2_h( h2) q +2h (3 4h2) - (3.5)

Certain particular cases of the above formulae for the self-weight loading for
Cy, = 2: and 6'3: 0 were obtained earlier, among others, by Dougall, Love and
Gutman [4+6]. Simillary for the uniform loading they were given in the papers
[5,7,8].
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Zginanije plyty Cosseratow ciezarem wilasnym i stalym obciazeniem
normalnym

Streszczenie

W niniejszej pracy, korzystajac z rozwazan danych w pracy [1], wyznaczono przedsta-
wienie wektora przemieszczenia 1 infinitezymalnego obrotu, opisujace zginanie pF ty Cos-
seratow ciezarem wlasnym i stalym obc1a,zemem norma]nym Przedstawiona reprezentacja
biharmoniczna sprowadza zagadnienie rdwnowag: takiej plyty do rozwiazania niejednorod-
nego réwnania biharmonicznego na funkcje przedstawiajaca ugiecie plyty.

Praca wplynela do Redakcji dnia 20 grudnia 1991 roku



