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FATIGUE FAILURE CRITERION BASED ON STRAIN ENERGY DENSITY
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Politechnika Warszawska

In this paper, the strain energy density approach is used to characterize the fatigue
resistance of metals. The results suggest that in the high- and low-life regions the total
strain energy density is a consistent damage parameter. Predictions of the proposed method
are in agreement with the experimental data, and demonstrate the appropiateness to
predict the mean stress effect on fatigue life. A number of relations describing the effect
of mean stress on fatigue resistance, are shown to be particular cases of the one developed

herein.

1. Introduction

One of the current research topics in fatigue failure is the determination of the suitable
damage parameter which can predict the fatigue resistance of the material when subjected
to various loads and/or deformation patterns. The failure process associated with nuclea-
tion and subsequent propagation of the fatigue cracks is generally controlled by the local
stress/strain fields. Earlier research efforts were concerned with correlating the fatigue
life with either the stress or strain amplitudes. The well known Coffin-Manson relationship
was used to correlate high- and low-cycle fatigue in which the total strain amplitude divided
into elastic and plastic components [1]. In this application the interrelation between the
cyclic stress and plastic and/or elastic strains, and the fatigue damage process was generally
overlooked [2].

In recent years however, a number of relationships have been proposed relating the
low- and high-cycle fatigue life to the plastic strain energy stored in the material during
a load cycle as a means of the area of the hysteresis loop or its part [2 - 12]. The plastic
strain energy per cycle, AW, has the advantage of being nearly constant during the life,
under strain-controlled conditions. However, as the strain range, 4e, decreases, the plastic
strain range component 4de, — 0, and the corresponding plastic strain energy, AW — 0.
It is obvious that in this case, the elastic strain energy controls the fatigue damage.

To unify both low- and high-cycle fatigue, it follows that the total cyclic strain energy
density, AW,, (plastic and elastic) appears to be a promising damage parameter [13].

>



16 D. Kusawski

The significance of the strain energy density approach is in its abitity to unify microscopic
and macroscopic testing data and to formulate multiaxial life prediction model [4, 8].
In this paper, the strain energy density approach is used to characterize the fatigue
life of metals for fully-reversed constant strain or stress and mean-tensile-stress effect.
1t is shown that in the high- and low-life regions, the strain energy density is a consistent
damage parameter. The strain energy density used as a damage parameter is also consistent
with non-linear fracture mechanics approach to fatigue crack propagation through the
® integral. The approach described herein is applicable for both Masing and non-Masing
type of materials. It is also shown that a number of relations describing the mean stress
effect proposed earlier, can be derived as a particular case of the present one.
The predictions of the proposed method are compared with the experimental data and

the agreement is found to be fairly good.

2. Cyclic strain energy

When a metal is subjected to a cyclic strain controlled test its stable cyclic stress-strain
curve could be described by well known Ramberg-Osgood type of relation:
de  do [ Ao\
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where A represents ,,range” when used as a prefix for a variable, X’ is a coefficient with
dimensions of stress, and n’ is the cyclic strain hardening exponent. The parameters K’
and »n’ are determined through the best fit to the experimental data.

Figure 1 shows a stable hysteresis loop as a cyclic response of a material when subjected

to a constant strain range of Ae. The absorbed plastic strain energy per cycle, is the area

of the hysteresis loop (area OABCO in Fig. 1) and for a Masing material is given by [3]:
|
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Fig. 1. Description of stable hysteresis loop
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A material is said to exhibit a Masing description when the branches of the hysteresis
loops can be described by the cyclic stress-strain curve, Eq. (1), magnified by a factor
of two.

The expression for calculating the cyclic plastic strain energy for a non-Masing material
response was developed in Ref. [10, 11]. A ,,master curve” different from that of cyclic
curve is defined. This curve is obtained from matching upper (or lower) branches of the
hysteresis loops through translating each loop along its linear response portion. The
equation of the master curve where the origin corresponds to the tip of hysteresis loop
with the minimum proportional range is given by [11]:

Aoc* Ao* \M™
* —
der = =7 +2( 21<*) . 3)

The cyclic plastic strain energy (area of the hysteresis loop) is then calculated from:

1—n* g 5
AW =W(Aa_bao)dep+f>%4€w @

where:
00y = Ao—~Ac* = Aoc—2K*(A¢,[2)™ (5)

is the increase in the proportional stress due to non-Masing behaviour of the material [11].
Note that for an ideal Masing description the master curve and that of obtained from
cyclic curve will coincide, and in this case do, = O,

The linear elastic strain energy, area BCDEB of Fig. 1, is given by,

AWez%AaAee. 6)

The total cyclic strain energy, can then be calculated as the sum of the area OABO and
OBEDO, i.c.:

AW,=—21—AW+»;—A0A€, ™

where AW can be determined from Eq. (2) or (4) depending on Masing or non-Masing
material respectiviely.

Thus for a given strain or stress range (4 or 4o), the total strain energy density per
cycle AW,, can be calculated, if cyclic and the master curves are available. Note that for
non-Masing material a minimum of two tests is required to specify the master curve Eq.
(3), one with the smallest, the other with the largest hysteresis loop.

3. An energy-based fatigue failure criterion

A fatigue failure criterion based on the total strain energy density at half life was
recently developed by Ellyin and Kujawski [13] for ASTM A-516 Gr. 70 carbon low alloy
steel. The power law relationship of the form:

4 Wt = %(2Nf)d +4 Wend (8)
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was proposed to predict fatigue lives in low- and high-cycle fatigue. In the above equation
the parameters W, and 4 are determined through the best fit to the experimental data,
and AW, is the elastic strain energy density associated with the material endurance
level.

The relationship (8) was used to correlate experimental results of solid circular cylin-
drical speciments of this steel. The testing program included strain controlled tests, fully-
reversed and with mean-tensile-strain, stress controlled tests, fully-reversed and with
tensile or compressive prestrain. Further information regarding speciment preparation,
material properties and testing techniques can be found in Ref. [l0, 11, 13]. Figure 2
shows the total strain energy density per cycle at half life, A W,, plotted versus the number
of reversals to failure, 2N,.

The relationship (8) appears to describe the results fairly well. The unifying nature
of the total strain energy density is evident from examining Fig. 2.
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Fig. 2. Total strain energy density per cycle at half-life versus reversals to failure.

We can therefore conclude that the total strain energy density and the power law
relationship (8) are fair representation of the fatigue resistance for stress-strain controlled
tests without mean stress. 7

In order to take into account the mean stress effect on fatigue life the following relation-
ship is proposed:

n
G ©
AW, ko,
Where: AW, and 4W,,, are total strain energy density per cycle for stress controlled tests
fully-reversed and with mean stress o, # 0 respectively; o is the fatigue strengh coefficient ;
k is a parameter equal or less then one, and:
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_ 1+0(AW,[AW,)

S N AT A (10)
where AW, and AW, are the plastic and elastic components of the strain energy density
for fully-reversed test:

AW(s) = [ Aad(de). (11)
(4]

Note that for low-cycle fatigue Ae, > Ae.; AW, > AW,, n = n' and for high-cycle
fatigue Ae, € Ae,; AW, < AW, n = 1.

In the case of high-cycle fatigue when Ade, € de.(n ~ 1) and neglecting plastic part
of strain energy density the relationship (9) can be reduce to:

40, 0y
Ao ko

=1, (12)

or using Ao = 20, and A, = 20,, We can write:

=1, ' (13)

where ¢, and o, are the stress amplitudes at half life for fully-reversed and with mean
stress respectively. The relation in terms of stress, similar to that of (13), can be obtained
from (9) in the case of low-cycle fatigue where de, > de., n & n" and neglecting the
elastic part of strain energy density which is small compare to its plastic part.

_ 4. Discussion

Let us now discusse the relation (13) which is a special case of relationship (9). Depend-
ing on the parameter k¥ a number of previously proposed relationships can be obtained.
For example, if k& = 1 relation (13) reduce to well known relationship proposed by
Morrow [2}:

oam 07"

—5:~+»~&}~ =cls (14)
Alternatively, for k = Rn/o; and k = R.[o; the relationships proposed by Goodman
and Soderberg can be obtained respectively, where R, is the ultimate strength and R,
is the yield stress of the material.

It have to be noted that in the case of smooth specimen subjected to stress-controlled
test the relation (9) or (13) is applicable when the following condition is satisfied:

Omax = Oam+ 0y < Rm' (15)

If this condition is not satisfied the maximum stress, g, can induce unrestricted
plastic deformation and failure in first reversal may occur. On the other hand, in the case
of notches when the surrounding material will inhibit unrestricted plastic flow at the

22
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notch tip, and consequently relationship (9) (or 13) could be used even if condition (15)
is not satisfied. For ductile metals the parameter k = 1 can be used.

Two different ductile materials were chosen to compare the correlation of the relation-
ship (13), with k = 1, to the available experimental data for lives ranging from 102 to 10°
cycles [14]. Smooth circular specimens were tested under constand cyclic stress range
condition. Figures 3 and 4 show the coreclation between experimental results and the
relationship (13) and condition (15).

The correlation with experimental data is fairly good over the entire fatigue lives.
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Fig. 3. Effect of mean stress for stress-controlled rests (A-201 steel).
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Fig. 4. Effect of mean stress for stress~controlied tests (A-517 steel).
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5. Conclusion

From the results presented herein, it is seen that the total strain energy density is a

consistent damage parameter in high- and low-life regions.

The proposed method predicts the mean stress effect on fatigue lives. A number of

relations describing the effect of mean stress on fatigue resistance, are shown to be particular

ca

ses of the one developed herein.

The correlation with experimental data is found to be fairly good.
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Pesome

KPUTEPUIN YCTAJIOCTHOTO PA3PVIIEHHNSA OCHOBAHHOE HA IUIOTHOCTH
3HEPTMH JTEPOPMAUMHI

B pa6oTe NpeacTaBieH KPUTEPHil YCTUIOCTHOrO PAa3pyLIEHHs, OCHOBAHHLIA HA IUIOTHOCTH SHEPIMH

AedopmatmH.

TIpencraBieHHbIE HCCAENOBAHMS IIOKA3BIBAIOT, UTO TUIOTHOCTD IIOJIHOH 3HeDIMH AedopMalliy MOMKET
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OBITh HCIONB3OBAHA KAK OCHOBHOM MapaMeTp YCTaaOCTHOIO MNOBPEXKAEHMA IJIA MANOLMKIOBOH ycra-
JIOCTH.

IToxasano, UTO NPEUIOKEHHBIH KPUTEPHHA [JOCTATOYHO XOPOHIO COOTBETCTBYET IKCIIEPUMEHTAIIb-
HBIM JaHHBIM.

H3BecTHble M3 MUTEPATYPh! KPUTEPHH, ONPENEAIOLIHE BIMAHHE CPEJHEro HANPSIKEHMA HA YCTa-
JIOCTHOE paspyLIeHHE, MOXKHO NOIMANTh KAK YaCTHLIC CJIYYAH NPEACTABIIAEMOro Meroaa.

Streszczenie

KRYTERIUM ZMECZENIOWEGO ZNISZCZENIA OPARTE NA GESTOSCI ENERGII
ODKSZTALCENIA

W pracy przedstawiono kryterium zmeczeniowego zniszczenia oparte na gestosci energli odksztalcenia.
Przedstawione wyniki badan sugeruja, ze gesto$¢ catkowitej energii odksztalcenia jest istotnym parametrem
uszkodzerr zmeczeniowych w zakresie malej i duzej liczby cykli obciazen.

Proponowane zalezno$ci umozliwiaja okreslenie wplywu $rednich naprezen na trwalodéé zmeczeniowa
i sg w duzej zgodnosci z danymi doswiadczalnymi.

W pracy pokazano réwniez, ze znane z literatury zalezno§ci opisujgce wplyw naprezenia §redniego
na trwalo$§¢ zmeczeniowa mozna otrzymaé jako szczegdlne przypadki proponowanej metody.

Praca wplynela do Redakcji dnia 11 maja 1987 roku



