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THERMAL STRESSES IN A TRANSVERSELY ISOTROPIC LAYER CONTAINING
AN ANNULAR CRACK.
TENSILE- AND SHEAR-TYPE CRACK

BoGDAN RoGowskI (Lo6dz)

Politechnika Lédzka
Instytut Iniynierii Budowlanej

The thermal stress problem for an annular crack contained in a transversely isotropic
layer is investigated using the technique of Hankels transforms, triple integral equations
and series solutions. For symmetrical constant temperature over the crack surfaces and
for two cases of antisymmetrical thermal loadings namely a prescribed temperature applied
to the surfaces of the layer and uniform heat flow disturbed by an insulated crack, expres-
sions for the crack shapes, the normal and shearing thermal stresses in the crack plane
and the mode I and II stress intensity factors are obtained. Results are presented illustra-
ting the effect of the physical properties of the material on the stress intensity factors.

1. Introduction

The penny-shaped crack in a temperature field was treated by Olesiak and Sneddon,
who showed that the crack opens; the problem was symmetrical with respect to the crack
plane [1]. The features of antisymmetry were presented by Florence and Goodier in the
linear thermoelastic problem of uniform heat flow disturbed by a penny-shaped insulated
crack [2]. The thermal stress problem for an annular crack contained in a transversely
isotropic medium [3 - 5] is investigated in the present work. The thermal conditions con-
sidered are symmetrical [1] and antisymmetrical [2] (two cases of thermal loadings) with
respect to the crack plane. Assuming the heat flux on the crack surface as a Fourier cosine
series (with singularities at the tips of the crack) in symmetrical problem or the temperature
on the crack surface in the form of Fourier sine serics in antisymmetrical one, and axial
or radial displacement, respectively, as a Fourier sine series, we have reduced the triple
integral equations of the heat conduction and thermoelastic problems to the solution of
infinite sets of linear simultaneous equations for the coefficients introduced in the series
representations. Thus, the mode I and 11 thermal stress intensity factors are easily evaluated
in terms of the coefficients of series expansions of the physical quantities.
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2. The potentials of thermoelastic displacements

The thermoelastic displacement potentials ¢;(r, z)(i = 0, 1, 2) satisfying the foregoing
equilibrium equations are defined [6] as:
u= 0, (kp, +@:+¢o), 9 =0, w = 0(p+kp,+kipo), (2.1
0, = —G(k+1)2X(p, +¢,)—2Gr=‘u—G,s3»(1 + k)T,
0y = _Gl(k+1)az2(‘l)l +¢2)~2G0,u—G, s§x(1+k)T,
= G (k+1)22(s7%p, +572p) + Gy x(1 +k,) T, (2.2)
0, = Gi(k+1)0,0.(p, +@2)+ G, (1 +k,) 0, 9, o,
Orp = 0z =0,

(O 4r=20, 45720 (r,2) =0, ((=0,1,2),

Q
N
|

55202 @o(r, 2) = xT(r, 2), (2.3)
where the symbols &,, 0, etc. denote partial differentiation and
k, = Bﬂ(_rf_‘—’l;_j‘fzft))—_1322}2121_(;3(2):24)_)_’
r\+33°0 44 z90\*13 44 (24)

B.(cas 5(2)__ C4a)— ﬂisé(clg + Cﬁ,),,
58(c1a+Caa)? — (e, — 58 C4a) (3358 — Cas)’

Br = (cri+edoa+ezez, Bz = 2c30,+c330,, sg? = 2./4,.

The temperature field in the medium in a steady state is governed by the following equa-
tion:

(B2 +r=10,+5520)T(r, 2) = 0, (2:3)

In above equations, the z-axis is along the axis of symmetry of the material that has five
elastic constants ¢;; and u,v, w are the radial, circumferential and axial components of
the displacement, o,, 0 etc. are the components of the tensor stress, T is the deviation of
the absolute temperature from the temperature of the medium in a state of zero stress and
strain, G and G, are the shear modulii in the planes of isotropy and along the z-axis res-
pectively, 4., 4, and «,, «, are the coefficients of thermal conductivity and the linear
thermal expansion along the z-axis and in the planes of isotropy, respectively, and s,,
s,, k are the material parameters [6].

3. Statement of the problem and temperature fields

The geometry is illustrated in Fig.- 1. The middle plane of the layer is taken as the
plane z = 0 (£ = 0) in cylindrical polar coordinates, the annular crack extending over
the region a < r £ b (A € ¢ £ 1). The crack is opened by the application of constant
temperature — T to its flat surfaces and the heat flux is zero outside the crack in the middle
plane (Fig. la — symmetrical problem). Two cases of antisymmetrical thermal loadings
also are to be considered (Fig. 16 — antisymmetrical problem).

First case concerns the temperature, odd in z, applied on the layer surfaces. The pro-
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Fig. la, Geometry and coordinate system;
Fig. 1b, Geometry, coordinate system and boundary conditions

blem of uniform heat flow disturbed by a crack whose faces are thermally insulated in
second case is considered. Because of symmetry, attention may be restricted to the region

0< i<

The thermal conditions inside and outside the annulus { =0, A< p <1 and at { = g
are as follows:

in symmetrical problem and

case 1:

case 2:

T(,0) = —-T,, 2A<po<l, (3.1)
oT
8—C(9’O)=0’ 0<p< i, 1<op, 32)
Te,n) =0, 020,
oT
-8?(9’0)_0’ A<p<l, 33)
T,0=0, O<o<4, 1<g,
TO’ 0 < Q < )'1’
T(e’ n) = {0 A ).1 < e’ (3.4)
oT
"I;éz_— (9,0) = _To, 2. < e < 1, (3.5)
T(,0) =0, 0<p< i, 1<op,
T(,n) =0, 020, (3.6)
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in antisymmetrical problem, where T, and 74 are constants. The boundary condition for
the case 2 is equivalent to the problem of uniform heat flow disturbed by the annular
crack whose faces are thermally insulated.

The solution of this problem can be obtained by superposing the solutions of the
following problems. (i) The problem of crack-free region having temperature distribution
T = 7,z; and (ii) the problem of the annular crack with a temperature distribution 7'(r, z)
which is an odd function of z, vanishes at the edges of the medium and satisfies the condi-
tion (3.5),. .

The disturbed temperature field is 7oz + T(r, 2).

The solutions of Eq. (2.5), appropriate to the conditions (3.2), (3.4) and (3.6), respec-
tively, are as follows:

T(0, &) = | 0o(x)shsox(C—m)Jo(xg)dx, (3.7)
]

T, %) = f {Gl(x) [chsoxE —cth (s xn)shsexC]+ A, ToJ, (x4,)

0

shsoxt | .
m}-’o(x!})d«\, (3.8)

T, ) = f 0,(x)[chsoxE — cth(sexn)shse xL]Jo(x)dx, 3.9)
4 A

where J,(xp) is the Bessel function of the first kind in order #n. The unknown functions

0o(x), 0,(x), 6,(x), can be found from Egs. (3.1), (3.3), (3.5), which lead to the following
triple integral equations:

0
[ bo()sh(soxn) Jo(x)dx = To, A<e<1,
° (3.10)

A fxﬁo(x)ch(soxn)Jo(xg)dx =0, 0<p< l; |l <p,
0

00

[ %0, (1 +hoCen)l o (xe)dx =

0

o0

= % Toff X L (A)Te(xe)dx, A<o <1, (3.11)
0

shsoxn

<

[0.0T(xddx =0, 0<o<, <o,
0

[ x6,(0) [1 +ho(xm)Jo(xe)dx = Tobsy?, A< <1, (3.12)
0

[ 0,(00s(x0)dx =0, 0<o<2, 1<pg,
0
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with ho(xn) being defined as
ho(xn) = 2[exp(2soxn)—1]7". (3.13)

The above triple integral equations correspond to the symmetrical problem, Egs. (3.10),
and antisymmetrical one in the case 1, Egs. (3.11), and in the case 2, Eqs. (2.12), of thermal
conditions.

We use here the series expansion method to solve the above triple integral equations [7].
Interchanging the variable pin A< o< 1to¢pgin0<¢p <=

2% = 1+ 12~ (1—A?)cos¢ : (3.14)

the variables p and ¢ correspond each other and p = Ais¢ =0andp =1 to ¢ = m.
The following integral formulas are to be utilized [8]:

w 0, 0<p<i, 1<op,
= f xZ,(x)Jo(xQ)dx =1 4 cosng
0 n(1—A2) sing ’ 458 <L,
A of C,(x)Jo(x@)dx = =7 sinng A<p<l,
where
70 = n[s o (15, aw=rza@-za@. 619
Then, the unknown functions 6,(x), 6,(x) and 0,(x) can be expressed by series:
) ©
Bo(x)ch(soxn) = To ) a,Z,(x), (3.17)
L n=0
[oo]
0,00 = 4, To D, b, Cu(¥), (3.18)
n=1
> o]
6,() = Tobsz' Y caCu(), (3.19)
n=1

where ag, ay, ..., b:, bs, ... and ¢y, ¢3, ... are unknown parameters.

Thus, the appropriate series representations (3.17) - (3.19) satisfied two of the three
equations exactly. Substituting Eqgs. (3.17), (3.18) and (3.19) into Egs. (3.10),, (3.11),
and (3.12),, respectively, and using the Neumann’s formula [9]

Jo(X0) = Zo(X)+2 ), Zu(¥)cosmp, A<o<1, (3.20)
m=1

we get the following infinite sets of simultaneous equations for the determination of the
coefficients aj, b,',, Cnt

Za f[l—go(xn)]Z (D) Zn(X)dx = 8ow, (M =0,1,2,..), '(3.21)

n=0
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Dby [ 1 +holom Co() Cal)dx =
n=1 0
f - J,(xll)C,,,(x)dx m=1,2,..),
"¢ [ 1L+ ko) Cox) Cu@)dx = 1y (m = 1,2, ),
n=1 0

where 8y, and 8,,, are Kronecker’s deltas and

go(xn) = 2[1 +exp(2xnso)] ™.

In terms of coefficients a,, b,, ¢, it is found that

_ v . - shsox(C—n)
T(e,0) = To g;aof chs0xn—2"(x)fo(xe)dx,

0

T(.0) = hTo | {Z b C() [eh s xE — cth(so ) sh.so X+
n=1

0

T4 Shs"xg}Jo(x@)dx

0 0

T(o, ) = vobss! Zc,',f C,(x) [chsg x¢ —cth(se xn)shsexC]Jo(x) dx,
0

n=1
in the symmetrical and antisymmetrical (case 1 and 2) problems, respectively.
At the plane { = 0 we have:

[oe]

T(0,0) = ~T, 3 aill3-2G3], 0<g<1, 1<o,
n=0
oT _ 4Ty 1\,
—3?(9, 0) P £ smqb a,,cos(nqb), l<o<1,
for symmetrical thermal loading and
T
T(,0) = 8 ol;z)Zb sin(ng), A<po<1,

oT B T LT e DI
ac (Q,O)—mgnb" IO+Q‘%IO—2HQ +

2ty Tosof E%x? JixA)Jo(0)dx, O0<o<i, 1<o,
(1]

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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o

1 810b Z e
T(Q, 0) - Tt(l—)uz)so < CnSIn(nd))y }' < [ < l’

(3.30)
aT 87:0 2‘
it = EHT £
o (e, 0) — 7% ne,, l10+g % 2Ho], 0<p<i, Ll<op
in the case 1 and 2 of the antisymmetrical problem.
In above equations:
18 = [ Jo(x0) Z,(x)dx,
0
= f [exp(zxnso)-'_l]_lJO(xg)Zn(x)dx, (n = 0) 1) 2, )a (3.31)
H§ —f [exp(2xnso) — 1] o (x0) X 82,,(x) dx, (m=1,2,..).

The integrals J§ can be presented analytically by Gaussian hypergeometric series and a
Gamma function [10]. The integrals G and HJ can be easily evaluated numerically,
because those integrands decrease exponentially to zero. The heat-flux on the plane £ = 0
has singularities of the form (o—A)~*? at 9 = 1 and (1—p)~*/? at p = | in the symmetri-
cal problem and (A—p)~'/? and (o—1)~'/2 in antisymmetrical one (see Appendix to
[10]).

In the limiting case of a penny-shaped crack problem (4 = 0) in the infinite medium
(n > 0, go(xn) = ho(xn) = 0) we obtain from the above results the closed-form solu-
tions:

. 4 1 n

/ 3 2
= T (40,0 dni—1’ el Rl i (3.32)
and at £ =0
2 .1
T(o,0) = —— Toarcsin|—), o> 1,
s (3.33)
( g _TOSOT/T_“Q?, 0O<o<1,
in the symmetrical problem and
T(o,0) = = 7obss* Y=g, 0<e< 1,
(3.349)

oT 2 1 1
_— 0 = I el 1 ——
a (@, 0) = —7ob = arcsin g)]’ 1 <o,

n the uniform heat-flux problem.
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4. The thermoelastic problem

The solutions of Egs. (2.3) appropriate to our problems are:

lj_-lbz -2
@i(0,$) = G—,(k_—i 1)(s1—s2-)~6fx [4,(x)shsxC + Bi(x)chs, x{]Jo(x0)dx, (4.1)
@0(0, &) = b2 [ x~200(x)shsox(C—n)Jo(x)dx, 4.2)
0

o0

@ole, &) = bzufx‘2 {GI(x) [chsoxC —cth(se xnm)shsexL]+

0

FL T, (x2) S0 "fy}Jo(xe)dx @3
@o(0, &) = b?x f x~20,(x) [ch 54X —cth(se x77) shsoxE]Jo(x0) dx. (4.4)
0

The potentials (4.1) and (4.2) are used to solve the boundary conditions (Fig. la):
g.(0,0)=0, A<p<l,
we,00=0, 0<p<i 1<y,
Gzr(@: 0) = 02(9’ 7]) = GZI'(Q’ 7]) = 0, [ 2 0’ (46)

which correspond to tensile-type crack problem in the layer with traction-free surfaces
and the potentials (4.1) and (4.3) or (4.4) to solve the boundary conditions (Fig. 15):

0,00 =0, A<p<l,
_ .7

u(Q’O)_O’ OSQSA’ ISQ,
0:(0,0) = a:(0,m) = 0,(e,n) =0, 020, (4.8)

which correspond to shear-type crack problem.

(4.5)

5. The triple integral equations

At first we consider the mode I tensile-type crack problem. Substituting Egs. (4.1)
and (4.2) into Eqgs. (2.2) and (2.1) the stress and displacement components can be obtained
in terms of the four unknown functions A4, (x), 4,(x) etc, The conditions (4.6) yield equa-
tions:

A2(x) = —A1(X) = Bso(s152)7 Gy (L +k,) 6o (x)chso xn,
do(xn) By (x) = — A (x) (chaxn+af~'chfxn—2s, f~']—
— 215083 1 G (1 +k,)0o(x)(chs, xn—chsoxn), (5.1)
Ao(xn) By(x) = A;(x) (chaxn—af~'chfxn+2s, B~1) +50(s152) " #Gy x
x (1 +k,)06(x) [ch(so xn) (Bechaxn— ach fxn) +2s, chsy x7],
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where
Ao(x) = shax+of~'shfx, {a, B} =s,%s,. (5.2)

The functions A,(x), B;(x) and B,(x) are expressed in terms of 4,(x), and hence they
can be eliminated from the rest of analysis. On the crack plane & = 0 Egs. (5.1), (4.1),
4.2), (2.1) and (2.2) give:

w(g, 0) = — (G, C)‘lbf{Al(x)+xso CGy(k—k,)(k+1)"10,(x)chsoxn}x~1To(x0)dx,
0

o (5.3)
0.0, 0) = [ {[1—g.Gem)] 41 (9 +5055* %Gy (1+k,) Bo(x)chsp 7 x
0
- x [1=g20en) — &3 (xm)]— Gy #(1 + k1) Oo(x)shiso xn } Jo(xp)dx,
where
1+ o?8~2(chfx—1)+-af~ishfx—e~**, =1,
2(x) = % af=1(sh Bx + ch x) — 25, B~ — =, X (5.4)
o) 25, 81 (chsy x—chs, x)/chsy x, i=3,
C = (k+1)(k—1D)" sz =s7Y). : (5.5)

Substituting Eqs. (5.3) into Egs. (4.5) we obtain

J 141 (0)+ x50 G, Cle—k,) (k4 1)~ (x)ch(so ¥ x~ o (xg)dx = O,
0
0<o<4i, 1<y, (5.6)

f {[1 — g1 Gem] A1 (x) + 5057 ' G, (1 +k1)69(x)0h(sox’7) [1—ga(xn)—
0

=& (eml}Jo(x@)dx = Gy (1 +k)To, A<p<l1, (57
where in the second equation the relation (3.10), is used. Next, for the case 1 of the thermal
conditions in antisymmetrical problem we have:

51 By(x) = —52 By (x)— G #(1+k;) B0, (),
Ay (xn) 4,(x) = —By(x)(chaxn—af~'chfxn+2s,71) +
+ Gy x(1 +k,) (,8hs0 x17) ™ [2(50 Sh s, X1 — 55 shse xn) 0, (x) +
+To ATy (x4y) (yyshy, xn—y,shy, xn)], (5.8)
Ay(xn) A;(x) = By(x)s,57 ' (choxn+of~'chpxn—2s, 1)~
—Gyx(1+k,)(s,5hsoxn)~ ! {[2508hs, xn—shso xn(ech fxn+-
+ Bchoaxn)]0,(x)+ To Ay Jy (x2,) (8 sh 0, xn— 0,8hd, xn) },
where
A,(x) = shax—af~'shfx, v, =8FSy, 05,2 =S5 FSo- (5.9)
The boundary conditions (4.7) lead to the triple integral equations:

u(e,0) = —b(G, Cs;)™* [ [B,(x)—5,G, Cr(ky — k) X
0

x (k+1)"10,()]x" Y, (x)dx =0, 0<o< i, 1<, (510

11 Mech, Teoret. i Stos. 3-4/84
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(0, 0) = s; [ By(x) [1—hy (xn)] T, (x@)dx —
0 .

—Gyx(1+ky) [ {6,0)[s2(1+hs(xm) —so(1+hoem))] +
0

+ A4, ToJ (xA)h(x)} i (x0)dx = 0, A <p <1, G.1D
where
l—a2f~2(1 —chBx)—oaf~'shfx—e~*, i=1,
(shsox)™'[s; B~ (yyshy, x—pashy x)~
hy(x) = T(Vj_ —s5,B7(d;shd,x—d,shd, x)+50], =2, (512)
|e“""+oqr.‘]“(ch;r.‘]x+shﬂx—2s1 o=+
l +250(s, fshsgx)~ (s, shs, x—s,shs, x), = 3.

The unknown functions B,(x), 4;(x) and 4,(x) and the triple integral equations of
the case 2 of thermal conditions can be obtained by replacing 0, (x) by 0,(x) in Egs. (5.8),
(5.10) and (5.11) and setting J,(x4,) = 0. ’

6. Infinite sets of linear simultaneous equations

Using the formula (3.15),, the unknown function 4,(x) in Eq. (5.6) can be expressed
by series

A4,(0) = G, MuTox D a,Co(x)— 250Gy Clk—ky) (k+ 1) 0o(x)ch(soxm),  (6.1)
n=1

where a, are the arbitrary coefficients and
M = (1+k1)(l_—5052_1)+C(k—kl)(k+1)_150 (6.2)

is the material parameter.
Thus, the equations (5.6) are satisfied exactly, while the equation (5.7) leads to

o0

a, [ [1 =g GIxCo(®) To(x)dx = 1+ D), [ {(1—mo)go(an)—
0 n=1 0

—m; g (xn)+m; [g(xn) + & (M1} Za(x) Jo(x@)dx, A <pe <1 (6.3)
where the result (3.17) is used and
mo = (1+k )M=Y, my = Csolk—k)[(1+K)M]™, ~my = so(l+k,)(s2M)~! (6.4)

[\48

n=1

are the material parameters.

Substituting the relation (3.20) into Eq. (6.3) and equating the coefficients of cos(m¢p)
in both sides we obtain infinite system of algebraic equations with respect to the unknown
coefficients a,. Substracting the (m+2)-th of these from the m-th, we obtain

0

ay [ 1= g1 G Col) Cul()dx = 81+ (6.5)
0

n=1
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+ 0 [ A1 =mo)goCen) —m g o)+ lga o)+ [cc(flﬂ

+8(} Za(%) [Zp-1(X) = Zps 1 (D)]dx,  (m=1,2,..).

The matrix of the system (6.5) in Lh.s. is symmetrical with respect to m and » and in r.h.s.
is not. The functions go(x%), g, (xn) etc. are continuous for all of x and tend exponentially
to zero as xn tends to infinity. For the case of infinite medium these functions are inden-
tically zero and the system (6.5) reduces to

Za,,f Co(®) Cu(X)dx = 8y, (m=1,2,3,..). (6.6)
n=1 0

Next, in antisymmetrical problem, using [8]

@ . 0, 0< o< A, 1 <o,
ole(xg)Z,,(x)dx = | sinng . A& p g, n i B2 6.7
- O
from Eq. (5.10) we obtain
B,(x) = 5, CGyulley = k) (e + 1) [ 0,00+ 4, Tox Y, 8,2,()]., 6.8)
n=1

where b, are the arbitrary coefficients.

Substituting Eq. (6.8) into Eq. (5.11), using the solution for 0,(x) and the formula
corresponding to Neumann’s addition theorem [9]

xJ, () = Z (D i, 3 g e (6.9)

(-, 2)snnd)

it is found that the set of linear simultaneous equations of the thermoelastic problem of
the shear-type crack in the case 1 of thermal conditions is

jbn f [1 — By Gen)] Zo(6) Zun(¥) dx = f b;f[zn_1<x)—
i = ,.+1(X)]Zm(X)[—1+mayx+h1£;1;)+(;zmaha(xn)—
—s0m3h0(x17)]dx+m3fx"Jl(xll)hz(xn)Z,,,(x)dx, m=1,2,3,..), (6.10)
where :

my = (1+k) (k=1 (k,— k). 6.11)

For the case 2 of thermal conditions the set of simultaneous equation can be obtained
by replacing b, and b, by ¢, and c,, respectively, and setting J,(x4,) = 0 in Egs. (6.10).
The unknown function B,(x) in this case can be obtained by replacing 0,(x), 4, To and
b, by 0,(x), Tobse~! and ¢,, respectively, in Eq. (6.8).

1=



484 B. RoGowskKl

7. Thermal crack shape

The Egs. (5.3);, (6.1) and the formula (3.15), give the following crack shape in the
case when the applied temperature is symmetrical with respect to the crack plane

0

o, 0y = — BTobxM

=(1—19)C a,sin(ng), A<po< 1. (7.1)
. n=1

For the cases of antisymmetrical problem the following thermal crack shapes we obtain:

(e, 0) =~ Tobhls R k) D Psinig), A<e<1,  (12)
n=1

u(p,0) = -—71:— tob2sg ulk, —k)(k+1)"tp™! Z%Sin(mﬁ), Ao, (1.3)
n=1

in the case 1 and 2 of the thermal conditions, respectively.

8. Thernal stress distribution

The normal stress in Eq. (5.3), with the aid of Eq. (6.1) and the solution (3.17)
may be rewritten to the form

o]

a.(0, 0) = G, M {T(o, 0)+ Ty ) a1 — g, (em)] xCyl(3) Jo (x0)dx -

n=1

— Ty ) d, [ [(1 = mo)go(xm)—my g, (xm) +
=0 0

+m3 (ga0em) + 85 Gem)]}. Z, () To (o) . @®.1)
Using the formulas
_ 8n 0Z,(x)
Cn(x) b =22 - ox ’
@ 8.2)
[ *Cu(0)To(xe)dx = — ﬂ—z—(meim)
s 1-4 7]
and the result (3.28),, we obtain
8 wﬁ n a (AL
O’z(g, 0) = —Gl M%To WZ na, Io+@5é-10+Gl +
n=1
+ ) ahll8~2moGa—m, G+ (G + G, ®3)

n=0
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where

= fg,<xn)2,<x)Jo<xe)dx, j=1,2,3, (®=0,1,2,.),

' (8.4)
n(x)

f o)) Ty, (=12, ..),

are the convergent integrals.
The normal stress a,(g, 0) involves singularities of the form (1—p)~%/2 and (o—1)~*/2
(21%/0p, see Appendix to [10]).

Employing Eqgs. (6.8) and (3.18) in Eq. (5.11), using the formula (8.2), and integrating
by parts, we obtain the shearing stress for the case 1 of antisymmetrical of thermal loading

00(0,0) = —Tohy5,5,Gy Colley — ) (k+ 1) {2 b, (aa—lg +H;') +
n=1

+ H1may) an(l" m+ s Z by +

by [ LRGN 0], 85
0

where

I =fJ,(xg)z,(x)dx, 1=10,2,

f hy(xn)xZ,(x)J,(x0)dx, (8.6)
0

hi

j o s Con)+ s on) =so oGl ) 2222 i,
0

are convergent integrals.
The shearing stress involves a square-root singularity at the crack tips. The singularity
of g,,(¢, 0) is included in term 215/0p, while the remaining terms are nonsingular.
Replacying, in Eq. (8.5), 4, Ty, b,, b, by tobss?, ca., ca, respectively and setting,
in Eq. (8.5), J,(x4,) = 0 we obtain the shearing stress for thé case 2 of antisymmetrical
problem.

9. The stress intensity factors (SIFs)

To determine the singularities of the normal stress, the transform in Eq. (8.1) is cal-
culated for C, given in Eq. (8.2); and the asymptotic formula [9]

9Z,(x) , 2 . o .
i /iR [AsinxA—(—1)"cosx]+0(x~1), ©.1)
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as follows:

16G MxT, AH(— a1 Ho—1)
Uz(970) il 12)3/2 2 []/}. —Q -1 ]/992—_1]1 9.2)

where the nonsingular terms have been neglected and H( - ) denotes Heaviside unit functio-
nal.
Defining the mode I ,,thermal” stress intensity factors as:

KlTin. = l/% IIT ﬂ:ié {Gz(g) 0)}Q<R;
e-A"

o - 9.3)
Kl.l(‘;ul. = ]/2b 1“}‘1 I/Q'_l {0’1(9, 0)}Q>|)
e 1+
we obtain
6 Va \
1 GIM%TO a
KlTin. = - Tt(l :12)_“"2’* Zl na,,
.49
16G, MxToV'b. .
Klj;ut. = - n(l— 12)312 Z;(— 1) *lng
The SIFs in shear at ¢ = A~ and ¢ = 1* can be obtained from equation (8.5)
Using
r 2
[ x1(x) Z,()dx = - 2 1
° 5 9.5)
xZ, (x)2=— cos Ax+ (—1)"sinx]+0(x~1),
| (= 1)'sinx]+0(x~)

we have as p.—» 1* and o > A~

0(0,0) ~ — G, Cu(k, —k)(k+1)"1A; Tyo™* x

nl/___;_ $1 5,

AH(2—0) ,.+1H(9—1)}
b, S s e | 9.6)
2 {Vlz—e Veor—1 |

Both case 1 and case 2 thermal loadings give the following SIFs:

2
K. = — /]/a = G, Csysyn(ky—k) (k+1)"'4, T, § Das
nl] 1-1 — 0
2Vb
Kl’ll.out = ‘/

GICS1s2x(kl k)y(k+1)- lllTOZ( )" b
TC]/ A=l
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for the temperature T, applied at the surfaces of the layer and

Khie = = — V% G, Coy5y s — ) (k4 Dz 2 Cns
)Y 1= A2 p
_ - 9.8)
K. = — Z_I/Lz G, Csysp0(k, —k)(k+ 1) t1obs5 (=" ie,,
) 1—-2 <

for uniform heat flow 7, disturbed by an annular crack.

10. The special cases

(a) Cracks in an infinite medium

Particulary, taking # — oo, we have g;(xn) = G} = 0 (i = 0, 1, 2, 3) and shs,x({—n)/
[chsoxn = —exp(—sox&).

Using preceding results in Eqs. (3.21), (3.25) and (3.28) we obtain easily the tempe-
rature field in infinite medium under symmetrical loading. From Egs. (6.6), (7.1), (8.3)
and (9.4) we obtain the solution of thermoelastic problem of the mode I tensile-typ crack.

Next, taking n — oo in antisymmetrical problem, we have h;(xn) = h] = H} =
(i =0, 1, 2, 3). In this case the r.h.s. in Eq. (3.22) degenerates to zero and b, are iden-
tically zero. Consequently, the solutions b, of Eqs. (6.10) are equal zero and both the
SIFs approache zero for infinite medium in the case 1 of thermal loading. For uniform
heat flow disturbed by an annular crack the infinite sets of linear algebraic equations are:

[} ©
Zlc,'.ofc,,(x)cm(x)dx =08, (m=1,2,..),

(10.1)

o0

Yen | Zu)Zu(@)dx = (= 14+my1) ) [ Zam1 ()= Zas 1 (D] Zn(x) dx.
=] 0

n n=1

In the classical case of a penny-shaped crack problem (1 = 0) in the infinite medium
the thermal fields and the coefficients aj, b,, c, are given in closed-form by formulas
(3.32)-(3.34). For the mode I tensile-type penny-shaped crack problem the equations
(6.6) have a closed-form solution: a, = 2n/m(4n®—1) and the normal components w(g, 0),
o;(e, 0) and the SIF are:

w(p,0) = =2n~'TobxMC~*(1—pH)?, 0< o<1,
0.0, 0) = —2n~'TouG, M(@*~1)"12, o> 1, (10.2)
K]T= —zﬂ_lTob”z%GlM.

On the other hand, if 4 = a/b — 0 but b is bounded, the SIF Kf... tends to the result
of a penny-shaped crack and K7, tends to infinity, while if 2 - 1 —2&(e—a small value)
the ,,thermal” SIFs become equal: Kl — Kfia ® —G,#MT,)/be and tend to zero
as & is zero.

For the uniform heat flow disturbed by a penny-shaped insulated crack in an infinite
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transversely isotropic medium the temperature field is given by Eqs. (3.34) and the SIF -

assume the value

KL = _337: 1o BY2G,Cs, 52 #(ky — k) (k+ 1)=255 (1 —ms ). (10.3)

(b) Isotropic medium

A limiting case of isotropic state gives:

5521, s,-1, so=1, ko1, a=yp,=06=2, -0, vy, -0,
61 - 0; ﬂr = ﬂz, o = o, Gl = G) kl - 3—21/, i 2nd (1 +‘V)a,./(1—‘V),

My =M, = —m; = —2(2—), m=1, C=0-v»"' M=-1, xk, —kx
k+D)"' = (14+v)a,, G,Cs;s3xlk,—k)(k+1)~! = Go,(1+%)/(1—») and the boundary
function are:

go(x) = 2[exp(2x) +1]7%,

| 14+2x(1+x)—exp(—2x), i=1
ai(x) = ——— 1 1+2x—exp(—2x), i=2
SN2HHF Loy, 'y, i=3
ho(x) = 2[exp(2x)—1]7* (10.9)
hy(x) = 0

-~

b = 1 {1+2x(x—1)—exp(—2x), =1

sh2x—2x |14+2x(1 —cthx)+exp(—2x), = 3.

From preceding equations, we note that the boundary functions do not depend on the
physical properties of the material in the case of isotropic medium, while in the trans-
versely isotropic case depend, as shown Eqs. (5.4) and (5.12).

The results (10.2) and (10.3) agree with those in the case of the penny-shaped crack
in isotropic medium, where are given by Olesiak and Sneddon [1], and Florence and Goo-
dier [2].

11. Numerical results and discussion

Solving the infinite systems of linear algebraic equations (3.21)—(3.23) and (6.5),
(6.10) in both cases numerically and by truncation, we have examined the effects of geo-
metrically parameters and physical properties of the medium on the stress intensity factors.
The integrals involving the product of four Bessel function can be evaluated by the similar
method as in the previous papers [10, 11]. The first ten roots of the sets of algebraic equa-
tions give the desired accuracy. -

The value of normalized stress intensity factors —K{ /G, MxTo)/ b versus A = afb
are shown in Fig. 2, for infinite medium. Both SIFs increases monotonically with the
decrease a/b and become infinity or 2/, respectively, as a/b — 0. Since Kfi,. > K.,
growth of the crack under mode I thermal loading would tend to occur at the inner edge
suggesting that an annular crack will develop into a penny-shaped crack. In contrast to
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the results of the crack in infinite medium under mode I [11] and III [10] mechanical
loading, the intensity of the local thermal stresses depends on the physical properties of
the material. The effect of the material dissimilarity is used by the parameters »G, M.
The crack opens if ToxM < 0.

30

20

-K}/GM Ty

10—
I K} in

T
I Kroat

0 05 a/b 10
Fig. 2 Stress intensity factors for annular crack under uniform temperature

020 -

—— =K T 0V 12

'l tn

—— K], /187G x

H 186

010

T
lout

{K%in ' K

n=h/b

Fig. 3 Variation of the thermal stress intensity factors K, and K., with a layer thickness under 4 = 0,5
and A, = 2,0 for dissimilar materials in problem I; G; = 10*°MPa
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For the mode II shear-type crack problem numerical computations were done for
cadmium and B-quartz crystals and comparative isotropic material (G; = 10*MPa, » =
= 0,30). The values of elastic constants ¢y, coefficients of linear expansion o,, o; and
the ratio of the thermal conductivity coefficients s3> are taken from references [12]. The
anisotropic thermal and elastic properties of materials were presented in [13] for metallic
substances and in [14] for composite materials. The results for the antisymmetrical thermal
conditions of the case 1 are shown in Fig. 3 and those for the case 2 shown in Fig. 4.
Fig. 3 shows the mode II ,,thermal” SIFs at the inner and outer tips of the annular
crack, in presented materials, versus # = h/b under A = a/b = 0,5 and 4, = c/b = 2,0.

0.30
———————— N
< 020 B-quartz
Gy tadmium
Ao .
X isotropy
B
bt
x =~
£ ~ -/
3 e —_—
=~ 00
KT 226 15
——=—=iKg/ 7D Glx
il 2
: Kﬁw‘lrob Glx1
| | | | | | |
0 1 2 3 [ 5 6

T p=hm
Fig. 4 Variation of the thermal stress intensity factors Kfii and Kfiow with a layer thickness under
2 = 0,5 for dissimilar materials in problem II; G = 10* MPa

It is observed, that both SIFs approach infinity as # — 0 and decrease monotonically with
the increase of 7 tending to zero for infinite medium. For the case 2 and 4 = 0,5, the
SIFs are plotted versus % in Fig. 4. It is observed that, KXo approaches zero as n —» 0
but K, doesn’t and K, decreases, while K{,,, increases with the increase of 7. When %
is larger then some 7, the solution tends to that of the infinite body in which is uniform
heat flow disturbed by an annular insulated crack. In this case of thermal conditions the
effect of material dissimilarity and anisotropy is more visible.
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Peswme

TEINOBBIE HATIPSDKEHHUS B TPAHCBEPCAJILHO-U3OTPOITHOM CJIOE C KOJIBLIEBOIT
TPEIIMHOMN. PACKPLITUE U CIOBUT TPEUINHBI

3afavy TeIUIOBbIX HANDSDKEHHM B TPAHCBEPCAIBHO-H3OTPOMHOM CJIOE OCNaGIeHHOM KOJBLEBOM
TPEIMHON 1 NOABEPHKEHHOM JEACTBHIO CUMMETPHUHON M aHTHCHMMETPHYHOH TeIIOBOH Harpysku cdop-
MYJMPOBAHO KAaK DPELIEHHE TPOMHBIX MHTErPajibHbIX YPAaBHEHUI! COOTBETCBYIOIIMX 3ajladyaM TEILIONpO-
BOJHOCTH M TEpMOYNpYrocTH. [0 pellleHHs Bblllle YKA3aHHBIX IIPEATIONOMEHO TaKHe IPEACTABJIEHHSA
HCKOMBIX (yHKUMI B BHAE PAAOB C HEH3BECTHBIMH NOKa KO3(hGHIMEHTaMH, KOTOPBIE YAOBJIETBOPSIOT
ABa U3 TPeX YPaBHEHMI TOUHO, B TO BpeMs KAaK TPETHE BOAYT K ABYM OCCKOHEUHBIM CHCTEMAM JIMHEMHBIX
anrebpauuecKHx ypaBHEHUI OTHOCHTENBHO STHX KoahdmmenTos. COOTBETCBYIOIME CYMMBI 9THX K03g-
GULMERTOB oNpeAesOT Koo (HINEAT! MHTEHCHBHOCTH HANPSDKEHUH NPH DacKpBITH W CABHMTE Tpe-
IMHBI, 8 00pasobaHHble NPH HX NOMOIIM POkl Pyphe ONPEASNAIOT BU TPELIMHbI B 3afayax. Pesyiib-
TATBbl ObIYHCIIEHHNH, TIPEACTABIIEHBI TpathHUecKH, WIIYCTPHPYIOT Kot hHiiHeHTb] HHTEHCHBHOCTH HaIpsi-
YKeHMit ¥ addexT dusnuecknx CBOHCTB MaTepHaNoB B NMpOLECE Pa3pYLIEHHS,

Streszczenie

NAPREZENIA CIEPLNE W POPRZECZNIE IZOTROPOWE] WARSTWIE Z PIERSCIENIOWA
SZCZELINA,.
ROZWIERANIE I SCINANIE SZCZELINY

Zagadpienie naprezeni cieplnych w warstwie poprzecznie izotropowej oslabionej pier§cieniowg szczeling
i poddanej dzialaniu symetrycznego i antysymetrycznych obciazed termicznych sformulowano jako
rozwigzanie dwoch uktadéw potréjnych réwnan calkowych, odpowiadajacych zagadnieniom przeplywu
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ciepla i termosprezystemu. W celu rozwiazania tych ostatnich zaproponowano takie przedstawienia po-
szukiwanych funkcji w postaci szeregéw z nieznanymi wspolczynnikami, ktore spelniaja dwa z trzech réw-
nan $ciSle, podczas gdy trzecie prowadza do dwéch nieskoficzonych ukladéw réwnan algebraicznych linio-
wych wzgledem tych wspélczynnikow. Odpowiednie sumy tych wspélczynnikéw wyznaczaja wspolczynniki
intensywnosci naprezenia przy rozwieraniu i §cinaniu szczeliny, a utworzone z ich pomocg szeregi Fouriera
okre$laja ksztalt szczeliny w obu zagadnieniach. Przedstawiono graficznie wyniki ilustrujace wspolczynniki
intensywnosci naprezenia i efekt fizycznych wlasciwoS$ci materialow w procesie pekania.

Praca zostala zlozona w Redakcji 8 czerwca 1983 roku



