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The purpose of the paper1' is to present a certain method of construction of such 

theories of shells, in which the two-dimensional solutions can be treated as the appro

ximations (with a defined error) for three-dimensional displacements and stresses describi 

the state of equilibrum of an elastic body. The method is based on the assumption that 

the error of replacing the three-dimensional solution by a two-dimensional one should 

be the smallest in a certain domain of the tolerance solutions. In other words, the shell 

solution should minimize the error in this domain. We shall call this assumption the error 

minimization principle  [1]. Two simplified two-dimensional approaches to elastic shells 

have been constructed on the basis of the assumption. Within these frames one is able 

to find tolerance solutions for displacements and stresses. 

1. The error functional. 

Consider the system 

(1.1)  M =  (V1,  V2,F,  T,  JO, 

where  V1 is a space of the vector functions 

v1:  Q -> R3,  Q с  R3, 

including a displacements of the body,  V2 is a space of the symmetric tensor functions 

v2:  Q  »  R3 x 3 , 

including stresses, F i s a space of pairs  (b,p), where  b is a body force and p is a surface 

traction 

b:Q^R3,  p.B.Q^R3 

and  BXQ  <=.  BQ, whereas the operators  T:  V1  > V2 and  K:V2+F  are taken in the form 

(1.2) Д У) = J C(Ve)1 +Vvl\),  K(v2) = ( d . W,  &ł\s№ h 

l , )  This  paper   is  an  extended  version  of  a  lecture  [1]  delivered  at  the  Thir d  Conference  „Shell  struc

tures—  theory  and  applications",  Opole  1982. 
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and  С = (С у й ) is the tensor of elastic moduli. The superposition  KT wil l be refered to 

by  M. 

The system M wil l be called  the equilibrium  linear elasticity  theory system (or  structure) 

[ l ]  [3 ] . 

Within the structure  .41 we are able to formulate the following problem: 

Let f0  = ( — b,p)bea  known element in F; find  such vK e VK,  К = 1,2,  that 

(1.3)  <*i* o =  u0,  *>2 =  / о = *(w 2) 

wfere м0 is г /ге given function,  and c2Q is the subset, such that 8iQvd2R  = dQ, дуЈ1<л д2&  = 

= 0. 
The elements  Vo, K= 1,2, which satisfy the above conditions, wil l be called the 

solutions corresponding to f0. The solution vi is a solution in displacements and vi in 

stresses. 

We introduce now the concept of an error functional. 

For the sake of simplicity let W stands for V1 or V2. 

Let be known the functional 

d:2WxW  4 <0,  +oo) 

such that 

dom  ё ф 0, 

(V « € dom <5)(Vwx, w 2 6 W)\(w'i, w2) e a =>(w2, »v,) Ј a, 

(wL,wt)ecc,  ( w 2 , w 2 ) e a ], 

(1.4)  ( V a ,, a2  e d o m у ) [ a1  u а, edomу,  a, n a, 6 domt5],v 

(V a  e domу)  [a =  id => у(a) = 0 ] , 

( V a ,,  a2 e dom у) [ax с a2 => ^ (a^ < <5(a2)]. 

The condition ( 1. 4 ) 2 states, that each element in the domain of functional <5 is a reflexive 
and symmetric relation whereas condition ( 1. 4 ) 3 says that domain д constitutes a lattice. 
Hence the elements of domain «5 are tolerances [6] - [7]. 

In the special case when  W is a set with a norm || • ||, functional  6 can be defined as 

(1.5) <5(a) = sup П н -.-н -г Ц. 
(IV,, В )̂Е <Х  

The set a e dom б wil l be referred to as A [w,, w2], so that  (wt,  w2) e a. 

The number 

(1.6) e ( w1 , n s )= inf <3(a), 
OtЈ/<[h',,w :] 

is  said to be the error of identification of the elements  щ and n>2. The relation (1.6) then 
determines the functional e: Wx  W>  < 0 , +co) which wil l be called the error functional. 
In particular we can assume that  e(wt, w2) =  \^\  — w2\\. However, the error does not 
have to be determined by norm. In mechanics there are many cases for which we are not 
interested in an error in the sense of the distance (as an example we can take the case in 
which only some components of the stress tensor have to be compared). 
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2.  Erro r   minimization  principl e 

Let us assume that an elastic body constitutes a shell and that in system  Jl the refe

rence configuration is of the fornv-Q = .-т x ( - Л, Л ),  ę (n) being the midsurface of the 

shell and  <p is the diffeomorfism of т гх (h,  И ) into the physical space. Apart from the 

system . // we consider two systems of the form 

JTK  =  ^ , G K , N K > ,  K= 1,2, 

which wil l be called  shell  systems. In these systems  YK,  GK are the spaces of functions 

determined on  ж  with the values in R", and NK are operators 7VK :  YK+GK. 

Moreover, let us assume that the structures  JfK are interrelated with system  Jt in 

such a way, that the spaces  YK are the spaces of generalized coordinates for  VK, and  GK 

are the spaces of generalized forces for  F. The operators 

А к . у к _ у кг B K : F ^ G K , 

have to be defined, (Fig. 1). The operators  AK determine the constraints in spaces  VK  [5]. 

T  к  
V  S  F  , 

A'  V 

„ 1 
i 

Fig.  1 

In systems  < У К , GK,  NK),  К  = 1, 2 the problem of finding solutions can also be for

mulated : 

Given e GK,  find  ук,  К  = 1,2  such that 

(2-1)  g5  =  NK(yK)

Each  y$ satisfying the above conditions wil l be called a solution corresponding to gC. 

I f go =  Bo(f0) and  v$ are solutions (in displacements and stresses corresponding to 

/ о , then the solutions y$ and the constraints  AK determine in spaces  VK certain elements 

vK =  AK(y$). The set of those elements wil l be denoted by  VK =  {vK;  (3 J Q, U 0 ) [V
K  = 

=  AK(y%),  NK(y^) =  BK(M(vl

0))]}. 

Let us define some non — empty sets of the solutions of problem (1.3) (sets of the 

exact solutions): Vo <=  dom  M  % V1,  V% <=  dom К c  V2 and assume, that the structures 

JfK together with operators  AK,BK,K  = 1,2 satisfy the following conditions 

( 2  2 )  Ш  'e  V£)(3y%  e  Y*) [N*(J4  =  B*  (N(vl)), 

Ј

K ( ^ K ( > ' o ) . ^ )= m i" eK(vK,z^),  K=l,2]. 4  к .  ~к  
V  G V 

Condition (2.2) introduced for shell systems in the form of a postulate wil l be called 

the  error  minimization  principle. This principle states that for the given structure  Л and 

the given errors  sK, the structures  JfK, together with the operators  AK,  BK should be such 
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that  the solution j o  to problem  (2.1)  corresponding  to generalized  forces  BK(M(z'oj)  has 

to  minimize  the error  of identification of the elements  vK  e VK  and the solutions v$. 

Each  element  vK,  К = 1, 2 belonging to the domains of operators  К and T, respecti

vely, and such that for known ак ^ О, К = 1,2 we have 

(2.3)  eK(iK,  AK(yK))^a*, 

wil l be called  a  tolerance  solution of problem (1.3). In particular  AK(y%) are tolerance 
solutions to this problem. 

3. The error minimization principle in the displacement spaces 

Let us define in space  V1 (in what follows we drop the index 1) the scalar product 
in the form 

(3.1) Ю, • v2 =  j  Щ CVv2dQ  + X  v'tv> 
a  i 

where  v\  = г \(х '),  v2  = v2(x'),  x' e 8Q,  i = 1,2 и > 3 and x' are non-collinear. Let 

us take the error in V as e(v,, v0) = U©j — ©ojj where the norm || • || is defined by the 
scalar product (3.1). 

The error minimization principle (2.2) wil l have the form 

(3.2) (V»o s  Г о Ю У о e Y)[!M0'o)-»oll =  min\\vvQ\\] 
veV 

where  V is determined by the structure . Г 1 and N(y0)  = B(M(v0)). Moreover v' =  v'0, 

i = 1,2,  ...,n. 

Let us denote by  V(v), v e V the set of displacements admissible by the constraints. 
Now, condition (3.2) wil l be represented in the form 

(3.3) (V* o e У0)(1у0 6 V)(V » 6 V(A(y0))[ć )F\\A(y0)v0\\
2(v)  = 0] 

Since 
[ т ш | | » - я ^ Ц? =  min\\vv0\\

2, 
veV veV 

where  8F stands for the Frechet derivative. 

Since | ' г Л -Л 1 |2 - |М 12 =  2(v,h)+\\h\\2, then  [dF\\v\\2](v) =  2{v,v), 

Using the last equation and (3.1) we have 

(vv0,  w) =  j  (T(i)T(v0))V(w)dQ = J' (T(v)V(w)  +  divT(v0)w)dD

  f  (T(v0)nw)d№  =  f  T(v)V(w)dD  j  bwdQ  j   p m v d i Q . 

Substituting the right-hand side of the foregoing into (3.3) we have 

(Ґ'?o  e ^o)(3j'o s Г ) (У ш e К (Л О -о ))) [ /  ( r ( / ( ( j 0) ) )V(w)<LQ-

(3.4) 

  J  bwdIJ  \  pmulcD = o ] 

о  в о  
where p =  T(v0)\ii}. 
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The obtained relation represents the principle of virtual work. Thus the following 

conclusion can be drawn: 

The  principle  of  virtual  work  is  a  particular  case of  the  error  minimization  principle 

(3.2),  such that the  norm defining  the  error (1.6)  is defined by  the  scalar product (3.1). 

Let us return to the shell structure  Jfx. Firstly we define space У as space of functions 

q":n+R3, в ир У, 1,...,/. 

Space  Y1  is  space  of  generalized  coordinates  and  can  be  interpreted  for  instance  as 

a  space  isomorfic  to  space  Vх  lx, where  X is an equivalence relation in K 1 

VT  X  V2 O D , ! , , =  V2\„ A 

and  7ta e  {т тр: Щ =  <p(nx {yp}), h =  y0  <  <  ...  <  y,  =  h} whereas mapping  <p 

is a diffeomorphism of the domain Q into the physical space. In thr case discussed above 

q"(zK) =  v1(zK,ya),  vl e  V1,  zKen,  y*e(h,h). 

Now we define the constraints i.e. operator  A1. We consider the constraints represen
ting certain given a priori kinematic hypotheses of the form 

v'(x)  =  Ф (гк,у ,  ( zK ) ) ,  x  =  ( zK ,  y). 

The basic system of equations for the vector of the generalized coordinates is determi

ned by the error minimization principle (3.4) (the principle of the virtual work). Applying 

the know procedure we arrive at Euler's system of equations in the form of equilibrium 

equations and constitutive equations. From this principle we obtain also the form of opera

tor  Bl determining generalized forces / 

(3.5) 
D*iwH a + ha+fa = 0, 

J '  a(V0)dy, 

к  i 
8Ф  

where Di v is the divergence in л and  a the strain energy function. Equations (3.5) should 
be fulfille d for each  zen. On the other hand the geometric boundary conditions on  Bn 

have to be satisfied 

(3.6) ' Г 5- / P | U , 

— A 

where я is a unit normal vector to  Bn. 

Functions  ql which satisfy (3.5), (3.6) are the solution to problem (2.1), whereas Ф (а %) 
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are  the tolerance  solutions  in V. Solution  Ф (д о ) minimizes the error, which is defined by the 
scalar product (3.1). 

Stresses  T(0(q%)) which correspond to solution q$ in general do not minimize the error 
i n  V2. Thus we have to look for the tolerance solutions also in stresses. This problem 
wil l be the subject of the following Section. 

4.  Erro r   minimization  principl e  in  the  space  of  stresses 

Notice that in the Hilbert space  W for every  w0  e  W two mutually orthogonal linear 
manifolds can be determined, such that for every iv, e I f , , w2  e W2 we have 

(4.1) (w i - »v 0 ) (w 2 -w ' o) = 0. 

A t the same time each element  w e f fcan be represented in the form iv = -  (n\ + its) 

where  wy,  w2 fulfil l (4.1). Equality (4.1) is equivalent to the equality 

(4.2) l lw-tvol i =  2 i i " ' i - , v 2 l ' , 

where  w = — (u^ + it' 2). 

Now determine in the space of stresses V2 (which is referred to as S) the scalar product 

in the form [4]: 

(4.3)  st  • s2  = js\As2dQ, 
a 

where  A  — C~L is the matrix of elastic moduli. 

Let 5j be a set of kinematically admissible stress, i.e. 

(4.4)  s.eS.oKis,)^  (b,p), 

and ^ be a set of statically admissible stresses 

(4.5)  s2  e S2 о  (3 v  e V0) [s2  = T(v)] 

where  V0 is a set of displacements fulfillin g the boundary conditions in displacements. 

Using (4.3) it is easy to verify that: 

(sls0)(s2s0) = 0, 

holds, where  s2 =  T(v), s0 = ^(^o) W the exact solution in displacements of problem 

(1.3). 

Error (1.6) wil l be assumed in the form 

(4.6) «(.v,So) = 4 l | s _ A ' o i | -

Nevertheless, according to (4.2) the error is also given by 

1 

e(s, s0) = у |s, - 5 2 | | 

where  s = —- ( i i +^ 2 ) and i 0 , j i ,  s2 satisfy condition (4.1). 
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The error minimization principle (2.2) i n this case wil l have the form 

l i s , - S2 | | = min i | sx - s2 | | 
SieSi 

Or, equivalently 

(4.7) l l s . -TX i f l l l  F. m in i | s , - r ( t ; ) || 

t>Ј V 

where  Sx,  S2 are determined by structure  Jr2 in the terms of the subsets in S ,,  S2 and 

V с  V1,  V = .{©; Г (и) e Ś2}, respectively. 
Using (4.3). principle (4.7) can be written down in the form 

V„(v)   =  minVp(v), 

( 4 ' 8 )  V&) = m in^Cs , ), 

where 

К „(г >) = f  lT(v)TAT(v)dQ jvpddQ, 

о 9«o 

Relations (4.8) describe the well known principles of the minimum of potential and 

complementary energy. Hence the conclusion: 

The  principle  of  minimum  of  potential  and  complementary  energy (4.8)  is  the  error 

minimization  principle (2.2),  in  which  the  error  is  defined  in form (4.3). 

Now we proceed to structure  Jf2. Let us define operator  B2 as assigned to loading 

Р (the body forces are to be neglected) the triplets of functions  p+,p~,  P where p + ,  p~ 

are the loadings acting at the upper and lower surfaces of the shell, respectively, on the 

other hand  P:  dxn+R?, <3,я с:  д л is a mean loading 

P —  PiPUt̂ Xih,  fc))j 

defined by 

P = I P l r ? , * x ( - A . A ) < 0 ' . 

- A 

Let the space  Y2 be a space of functions 

т ? :л Д J?a, /3 = 0 , 1 , . . . ,/ 

and the constraints for statically admissible stresses wil l be defined by the operator 

(4.9)  s = '/'(m"). 

Stresses (4.9) have to satisfy Eqs. (4.4), which characterize the interrelation between 

the forces  f  e F (it means that  p+,p~,  P) and the generalized coordinates  mp as well as 

У  Mech.  Tcorct  i  Stos.  2—3/83 
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their  gradients 

dY(m
li,Vmti\p+,p)  =  О,  у = 1,2,  . . . , г  

(4.10) 
be(m",P) = 0, « = 1,2, ...,s 

h 

where (4.9), are defined in  л and (4.9)2 in  8,л  

Substituting (4.9) into (4.8)2 and assuming that the known displacements  u0 are defined 
on  c2Q <= д2л х (  — /;,/;) we obtain 

vk(m
p)  =  j  E(mp)dn J  w{trf)ddn, 

where 

е(т *)-=  J  i  r ( m p ~ ) / W w ' V j ' , 

(4.11) 
h 

O ) ( m 0 = j  ^(m^miody. 
h 

Functions (4.10), (4.11) are differentiable provided that the Lagrange multipliers 

theorem can be applied, the condition (4.8) wil l take the form 

n  \   ̂ din 

where  6vk is a variation of functional  vK and  ?.",  be are Lagrange multipliers. 

Applying appropriaete calculations of the variational aaproach, we obtain 

,*  /„,.   8dv  \  Be  ,  j ,  <3t7„ 

(4.12) ^ И г '̂  
<9mp dm'1 

J ^ = 0 

Eqs. (4.12), should be fulfille d almost every in л , whereas (4.12)2 in  д ,л and (4.12)3 

i n  d2n. Together with equations (4.10) they constitute the system of equations for the 

unknown functions. After solving the system of equations we find functions which 

after substituting to (4.9) determine the admissible equilibrium stresses 5, =  lF(m^). 

I n general this is not a solution that minimizes error (4.6). By virtue of the foregoing 

assumptions, the solution minimizing error (4.6) is  s   -y (S,+52 ) where J 2 should fulfil l 

condition (4.7)x. For such a solution of  s2 we can take the solution of system (3.5) tran

sferred to the space  S such that is Г (Ф (<7^)) it minimizes the potential energy in  V. Thus 

the tolerance solution that minimizes the error (4.6) wil l be 

(413)  s  =  U n m  ̂ +  T(0(ql))). 
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Moreover, it should be noted that the error (4.6) can be effectively calculated without 

the knowledge of the exact solutions  v0,  s0 =  T(v0) that is the solutions of the problem 

(1.3). According to (4.2) 

epi, sp):=  %Ш Ш ТШ Ш Щ  

and  s are determined by (4.13). 

5. Final ermarks 

In the paper a method of formulations of the basic system of equations for displa

cements and stresses which depend on certain functions defined on the midsurface of 

a shell heve been discussed. The method is based on the error minimization principle 

resulting from replacing of an exact (three-dimensional) solution by a shell solution. 

In the case of displacements the principle is of the form of the principle of virtual work, 

and in the case of stresses has the form of the principle of minimum of potential and 

complementary energy. On the basis of these principles we have introduced the systems 

of equations for the two-dimensional generalized displacements and for the two-dimen

sional generalized stresses. 
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Р е з ю ме  

О  Н Е К О Т О Р ОМ  М Е Т О ДЕ  К О Н С Т Р У К Ц ИИ  Т Е О Р ИИ  У П Р У Г ИХ  О Б О Л О Ч ЕК  

Ц е л ью  н а с т о я щ ей  р а б о ты  я в л я е т ся  п р е д с т а в л е н ие  н е к о т о р о го  м е т о да  к о н с т р у к ц ии  т а к их  

т е о р ии  о б о л о ч е к,  в  к о т о р ых  т р е х м е р н ые  р е ш е н ия  б у д ут  п р и б л и ж е н и я ми  с  о п р е д е л е н н ой  о ш и б

к ой  д ля  т р е х м е р н ых  п е р е м е щ е н ий  и  н а п р я ж е н ий  о п и с ы в а ю щ их  с о с т о я н ие  р а в н о в е с ия  у п р у г о го  

т е л а.  Э т от  .м е т од  о с н о в ан  на  п р е д п о с ы л к е,  ч то  о ш и б ка  и з м е н е н ия  т р е х м е р н о го  р е ш е н ия  —  д в у х

м е р н ым  р е ш е н и ем  д о л ж на  б ы ть  с а м ой  м а л е н ь к ой  в  н е к о т о р ой  о б л а с ти  т о л е р а н ц и о н н ых  р е ш е н и й. 
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S t r e s z c z e n ie 

O  PEWNEJ  M E T O D Z I E  K O N S T R U K C J I   TEORI I   P O W Ł O K  S P R Ę Ż Y S T Y CH 

Celem  pracy jest  przedstawienie  pewnej  metody  konstrukcj i  takich  teorii  powłok,  w  któryc h  rozwią

zania  dwuwymiarowe  bę dą  przybliż eniami,  z  okreś lonym  błę dem,  dla  trójwymiarowyc h  przemieszczeń  

i  naprę ż eń  opisują cych  stan  równowagi  ciała  sprę ż ystego.  Metoda  ta  oparta  jest  na  założ eniu,  że  błąd 

zastą pienia  rozwią zania  trójwymiaroweg o  rozwią zaniem  dwuwymiarowym  powinien  być  najmniejszy 

w  pewnej   dziedzinie  rozwią zań  tolerancyjnych. 

Praca  została  złoż ona  w  Redakcji dnia  15  lutego 1983 roku 
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