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We consider a mathematical model which describes the dynamic evolution of a viscoelastic
body in frictional contact with an obstacle. The contact is modelled with normal damped
response and unilateral constraint for the velocity field, associated to a version of Coulomb’s
law of dry friction. Our aim is to present a detailed description of the numerical modelling
of the problem. To this end, we use a penalty method to approximate the constraint. Then,
we provide numerical simulations in the study of a two-dimensional example and compare
the penalty model with the original one.
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1. Introduction

Contact problems involving deformable bodies arise in many industrial processes as well as in
everyday life. For this reason, they have been widely studied in the recent years, with various con-
stitutive laws and boundary conditions, including the normal compliance condition. The studies
concern both the mechanical, the mathematical and numerical modelling of the corresponding
boundary value problems. References in the field include Oden and Martins (1985), Han et al.
(2001, 2016), Han and Sofonea (2002), Laursen (2002), Hlavacek et al. (1988), Barboteu et al.
(2015, 2016a,b), Barboteu and Danan (2016), among others. The so-called normal damped re-
sponse condition represents a version of the normal compliance condition, expressed in terms
of velocity. Such a condition seems to be appropriate when contact surfaces are lubricated, as
mentioned in (Barboteu and Danan, 2016; Barboteu et al., 2016b; Han et al., 2016; Shillor et
al., 2004).

In this current paper, we consider a mathematical model which describes dynamic frictional
contact between a body and a deformable foundation. We describe the material behavior with
the Kelvin-Voigt viscoelastic constitutive law. The frictional contact is modelled with a normal
damped response condition with unilateral constraint for the velocity field associated to a version
of Coulomb’s law of dry friction. These non standard contact conditions could model the contact
with the deformable foundation covered by a lubricant, say oil, as already mentionned.

The current work represents a continuation of (Barboteu et al., 2015, 2016a,b). Its aim is
to provide the numerical modelling of the dynamic frictional contact problem supported by
numerical simulations. We present a ful discretization of the problem and we describe details
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of the numerical algorithm we use. The main novelty of our work arises from the fact that
we study two problems: an original problem constructed by considering a combination of the
normal damped response law with unilateral constraint condition in velocity, and a penalty one
constructed with the normal damped response law without a constraint. In this paper, we provide
a reliable comparison between numerical solutions of the approximate frictional contact problem
and the original one. Finally, we present numerical simulations which validate our approximation
method and give information on the mechanical behaviour of the solution.

The paper is organized as follows. In Section 2, we present the original model and provide its
variational formulation. Then we introduce the penalty problem and its variational formulation.
In Section 3, we introduce a hybrid variational formulation of the two above mentioned pro-
blems. A fully discrete scheme is presented in Section 4, based on the finite element method to
approximate the spatial variable and the Euler scheme to discretize the time derivatives. Finally,
in Section 5, we present numerical simulations in the study of a two-dimensional test problem.

2. The model and its penalty version

We start by presenting the notation and the preliminary material we need in the rest of the
paper. Denote by S? the space of second order symmetric tensors on R? and by “” and || - ||
the inner product and the Euclidean norms on the spaces R? and S¢, respectively. Let 2 C R?,
d = 1,2,3 be the domain occupied by a viscoelastic body in the reference configuration, with
a smooth boundary I' = 9f2. We denote by v the unit outer normal vector to I and assume
that I" is decomposed into three measurable parts I, I's, I3, such that meas(I7) > 0. Let [0, T
be the time interval of interest, with 7' > 0. We denote by x € 2 and ¢ € [0,7] the spatial
and the time variable, respectively, and, for simplicity, we do not indicate the dependence of
the functions on x and ¢t. Moreover, a dot above a variable will represent the derivative with
respect to time. Finally, we denote by u the displacement field, by o the stress tensor, and
e(u) = (&4 (u));-{j:l — the linearized strain field, i.e.

o 1 auz 8u]'
61](11) N 5(8.%] * 8:61)

The body is assumed to be viscoelastic and, therefore, we use the constitutive law
o=Ae(a)+Be(u) in £2x(0,7T) (2.1)

already used in (Duvaut and Lions, 1976), for instance. Here A and B are the fourth-order
viscosity and elastic tensors, respectively. Since the process is dynamic, the balance equation of
the stress field is given by

Dive+fy=pa in £2x(0,7T) (2.2)

Here, fy is density of the body forces and p stands for density of the material, assu-
med to be constant for simplicity. Moreover, Div represent the divergence operator, i.e.
Div (o) = (0i5,)-

On I7, the body is clamped and, therefore,

u=0 on [7x(0,7) (2.3)
Moreover, we assume that a surface force of density fs acts on I5, i.e.

ov=1_f, on Iyx(0,7) (2.4)
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The part I3 of the boundary represents the potential contact surface and is assumed to be
given. There, the body can arrive in contact with a piston or a device, the so-called foundation.
Considering the case of an evolutive (say growing) contact surface leads to various mathematical
difficulties and, therefore, is left open. The boundary conditions on I3 are derived from the
following assumptions.

— The obstacle prevents motion of the body in such a way that the normal velocity is restricted
by an unilateral constraint, i.e.

Uy < g (2.5)

where 4, = 01 v denotes the normal component of i1 on I" and g > 0 represents a given bound.
Here, we assume the non homogeneous case and, therefore, ¢g is a function which could depend
on the spatial variable x € I53.

— When the body moves in the opposite direction of the obstacle then the reaction of the
obstacle vanishes. Therefore,

Uy, <0 = o0,=0 o,=0 (2.6)

where 0, and o, denote the normal and the tangential components of the stress on I, i.e.
o, =(ov)-vand o, =0ov —o,V.
— When the body moves towards the obstacle, the contact is described with the normal damped
response condition associated to Coulomb’s law of dry friction as far as the normal velocity does
not reach the bound g. Therefore,

0<t, <g = —o,=np(w) o]l < plow|
i . . (2.7)
— 0o, :,U,|J,,|Hl_lTH if w,#0
T

Here, p represents a positive function such that p(r) = 0 for » < 0 and p denotes the coefficient
of friction. Details on the normal damped response contact condition associated to Coulomb’s
law of dry friction can be found in (Han and Sofonea, 2002; Shillor et al., 2004; Sofonea and
Matei, 2012), for instance.

— When the normal velocity reaches the bound g, then the normal stress is larger than p(g)
and, moreover, friction follows the Tresca law with the friction bound Fj. Therefore,

U, =g = —o,2>p9g) o] < Fy
. 2.8
—or =1 o if w.-#0 (2.8)
[[a |
— To accommodate conditions (2.7) and (2.8), we assume the compatibility condition
Fy = pp(g) (2.9)

which guarantees continuity of the friction bound. Note that conditions (2.7) and (2.8) show a
natural transition from the Coulomb law (which is valid as far as 0 < 4, < g) to the Tresca
friction law (which is valid when u, = g).

A careful examination of conditions (2.5)-(2.9) reveals that they can be written, equivalently,
as follows

Uy < g oy +p(iy) <0 (i — g)(ov + (i) = 0
u e (2.10)
HO'TH <H|0-l/| _UT:M|JV|‘|QT|| if 117-750
T



486

M. Barboteu et al.

Moreover, conditions (2.10) are equivalent to

- Ju(t) € p(ﬂ,,(t)) + 8I(—oo,g} (u,,(t)) on [I3X (0’ T)

. . (2.11)
o (t) € pp(in ()i (D] on Ty x (0,T)

respectively. Here 0 represents the subdifferential operator in the sense of convex analysis and
I4 denotes the indicator function of the set A C R. Subdifferential inclusions (2.11) will be
considered for the numerical modelling we introduce in Section 3.

Finally, we prescribe the initial displacement and the initial velocity, i.e.

u(0) = uy u(0)=u; in (2.12)

where ug and uy are given functions defined on {2.
We now gather relations (2.1)-(2.4), (2.10) and (2.12) to obtain the following formulation of
the dynamic frictional contact problem we consider in this paper.

Problem P. Find a displacement field u : 2x (0,T) — R? and a stress field o : 2 x (0,T) — S¢
such that

o=Ae(a) +Be(u) in 22x(0,7) (2.13)
Dive +fy=pia in £2x(0,7T) (2.14)
u=0 on [I7x(0,7) (2.15)
oV = fQ on FQ X (O,T) (216)
<9 otpm) <0 (i —g)ovtplin) =0 on Tyx(0,T)  (217)
o+ < ppliin) — o = ppli,) HETII if 4, #0 on Ijx(0,7T) (2.18)
u(0) = uy u(0)=u; in (2.19)

We now turn to the variational formulation of Problem P which is the starting point for the
numerical modelling based on the finite element discretization. To this end, we use the notaion
H = [L?(£2)]¢ and we introduce the spaces

V={ve[H(2)% v=0 on I}
Q = {7 = (r)},=1 € [P 1j =715, i,j=1,....d}
The spaces H, V and @ are real Hilbert spaces endowed with the canonical inner products given
by
(G,U)H:/O-ndx (u,v)v:/e(u)-s(v)dx (U,T)Q:/U-de
0

9 2

On the density of volume forces and surface tractions, we assume that
fo € C((0,T); H) fy € C([0,TT; [L*(I3)]) (220)

and, using the Riesz representation theorem, we define the linear function f : [0,7] — V by the
equality

(ft),w)y = [ fo(t) - wdx+ [ f5(t) - wdl YweV (2.21)
o]
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Note that assumption (2.20) implies that f € C([0,T]; V). Here and below notation C([0,T]; X)
represents the space of continuous functions defined on [0, 7] with values to X.

Next, we denote by j : U x U — R the function given by

j(u, w) = /,u,p(u,,)HWTH dir  YuweU (2.22)
I3

where, U :=={w eV : w, <gae onlz}and w,=w-vand w, =w —w,v, for all w e V.

Now, using standard arguments based on the Green formula, we obtain the following varia-
tional formulation of Problem P.

Problem Py. Find a displacement field u : [0,T] — V such that u(t) € U for all t € [0,T],
u(0) = up, u(0) = u; and the inequality below holds, for allt € (0,T):

(pis(r), w — (1)), + (Ae(a(n), e(w) — e(a(0)
+ (Be(u(n), e(w) — ea®))  + (pliw (1), wr — i (1))

—i(a@.a0) > (f0.w—a@)  vweU

. j(u(t), w) (2.23)

Our goal in what follows is to provide a penalty method in order to remove the unilateral
constraint 4, < g in (2.17). The penalty form of the Problem P leads to a simpler numerical
model which provides a reliable approximation of the solution of the initial problem. Following
arguments similar to those in (Chouly and Hid, 2013; Kikuchi and Song, 1981), the penalty
contact problem we consider is the following.

Problem P.. Find a displacement field u, : 2 x (0,T) — R? and a stress field o. : 2 x (0,T) —
S¢ such that

o. = Ae(a.) + Be(u:) in 2 x(0,7) (2.24)
Dive. +fy=pi. in 2x(0,7) (2.25)
u.=0 on I3 x(0,7) (2.26)
OV = fQ on FQ X (O,T) (227)
1. .
_O-Eu = g(ufu - g)+ + p(ufu) on F3 X (07 T) (2'28)
. . u., ...
loe, | < pp(e,) —0oe, = up(ie,) ||1'16 I ifu., #0 on I3 x(0,T) (2.29)
Er
u.(0) =ug u.(0)=u; in £ (2.30)

Here and below, ¢ represents the penalty parameter assumed to be very small, while %, and o,
represent the normal components of the functions u. and o, respectively. Moreover, o._ repre-
sents the tangential part of the function o.. Note that Problem P, is constructed by using similar
ingredients to those used in Problem P. The differences arise in the fact that here we replace
contact condition (2.17) with its penalty version (2.28) and, therefore, Problem P. represents a
contact problem with the normal damped response, without a unilateral constraint.

Next, using the notation in equations (2.21) and (2.22) and a similar argument to that used
in the case of Problem P, we obtain the following variational formulation of Problem P-.
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Problem Pj. Find a displacement field u. : [0,T] — V such that u.(0) = ug, 1.(0) = u; and
the inequality below holds, for allt € (0,T):

(piic(t), w —1e(0) |+ (Ae(ie(t),e(w) — e(ie(t)))
+ (Be(ue(), e(w) — e(ie(1))) + =ty () — ), = ke, 1))
+ (p(’l:l’fu () wy — e, (t))LQ(Fg) +j(ﬁ6(t)v W)

(80 w0) > (£@).w—i(0)  YweV

L2(Ts) (2.31)

Note that Problem Py represents a second order evolutionary quasivariational inequality
with unilateral constraints. In contrast, Problem P}, represents a second order evolutionary
quasivariational inequality without unilateral constraints.

3. Hybrid variational formulation

We now turn to a hybrid variational formulation of the model which is more appropriate for
the numerical modelling. To this end, consider the trace spaces X, = {vy| n VE V} and
Xr = {vq| i VE V'} equipped with their usual norms. Denote by X and X the duals of the
spaces X, and X7, respectively. Moreover, let (-,-) x:xx, and (-,-) x:xx, be the corresponding
duality pairing mappings.

For the contact conditions, we introduce a function ¢, : X, — (—o00,+0oc| and an operator
L: X, — X defined by

QOV(UV) = /LR? (UV — g) da Vuy S XV
I

<LuV7wl/>X;fXXy - /p(uy)wu da V’U,V, wy € XV
I3

We note that for all ¢ € [0, 7], condition (2.11); leads to the subdifferential inclusion
—oy,(t) € 0y (U, (t)) + La,(t) in X (3.1)

where J¢ denotes the subdifferential of ¢.
For the friction law, we introduce a function ¢, : X; — (—o00, +00] defined by

prlar) = [ullda  Vu, € X,
I3

We also note that for all ¢ € [0, 7], condition (2.11)s leads to the subdifferential inclusion
—0o+(t) € pp(in (1) dpr (0r(t))  in X7 (3.2)

Inclusions (3.1) and (3.2) suggest introduction of the new unknowns A, and A., the so-
-called Lagrange multipliers, related to the contact and friction stresses on the contact surface,
respectively. In our formulation, A\, corresponds to —o, and A, coresponds to —o .. Thus,
proceeding in a standard way and using inclusions (3.1) and (3.2), we obtain the following
hybrid variational formulation of Problem P in terms of three unknown fields.
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Problem Py. Find a displacement field u : [0,T] — V with u(0) = ug, 0(0) = uy, a normal
stress Ay [0, T] — X} and a tangential stress A : [0,T] — X such that the inequality below
holds, for allt € (0,T):

(pii(), ), + (As(a(), e(w))

(3.3)
+<)\ >X o +<)\T(t),wT>X*XXT - (f(t),w)v Yw eV
Au(t) € Oy (t,(t) + La,(t)  in X (3.4)
Ar(t) € pp(in, (1)) 0pr (0-(t)) in X7

The hybrid variational formulation of Problem Py, can be obtained in a similar way and is
as follows.

Problem Pg. Find a displacement field u. = [0,T] — V with u.(0) = ug, u.(0) = u; and a
tangential stress field Az : [0,T] — X* such that the inequality below holds, for all t € (0,T):

(piic(t), W), + (Ae(i(t). e(w)) |+ (Be(ue(1). e(w))

. N (3.6)
(200, () — ) 4 plie)ws) (et W) = (E) W) vweV
Ac(t) € pplie, (t)0pr(0c, (t) in X7 (3.7)

Note that Problem Py is formulated in terms of three unknown fields. In contrast, due to
the penalty term, Problem Py, is formulated in terms of two unknown fields.

4. Numerical approximation and solution algorithm

4.1. Numerical approximation

We now present a fully discrete approximation of Problems JSV and ]5‘5/ First, in order to
approximate the spatial variable, we assume that (2 is a polygonal domain and we consider a
regular triangulation of §2, denoted by 7", compatible with the boundary decomposition I7,
I and 3. Here and below, h > 0 denotes the spatial discretization parameter. Consider the
discrete variational space

vh = {vh e [C(2)% V‘Tt € [P (Ty)]? VT € T, v =0 at the nodes on Fl}

where P;(T') represents the space of polynomials of the global degree less or equal to one in T,
and let U" = U N V". We note that U" can be obtained as

= (vt e VP v <gae on I3}

The constramt condition v” < ¢ on the boundary I3 is satisfied at the nodes, i.e. v < ¢,
where g is the linear 1nterpolat10n of the function g. To discretize the time derlvatlves, we
use a uniform partition of [0,7], denoted by 0 =ty < t; < ... < ty = T, and let k be the
time step size, k = T/N. In what follows, we denote fn = f(t,), u, = u(t,). For a sequence

ut = {ul* nN 0, We use the notation d,u* = (u"* —ul*,)/k, n =1,..., N, for the backward
divided differences, as well as the addltlonal notatlon 5uhk = {5,ulk nN 0-
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We now consider the spaces X" = {vﬁlr3 : vh e VMY and XP = (v vl € V"} equipped
with their usual norm. We also consider the discrete space of piecewise constants Yl,h C L*(I3)
and Y ¢ L?(I3)? related to the discretization of the normal and tangential stress, respectively.
Then, conditions (3.1) and (3.2) lead to the following discrete subdifferential inclusions at the

time t,

T‘F

NE € dp,6ul®) + Loulk  in V)

4.1
N € p(0ulF)p, (Gul®) i YV 4

More details about this discretization step can be found in (Khenous et al., 2006).

Let ug e V" and u? € V" be finite element approximations of uy and uy, respectively. Using
the previous notation and the backward Euler finite difference dv,, = (v,, — v,,_1)/k, the fully
discrete approximation of the Problem 15V at the time ¢, is the following.

Problem Phk Find a velocity field vit = {vIF}N_ ' V| a normal stress AiF = {\PFYN_
C Y and a tangential stress )\hk {/\hk N, cC Yh such that, for alln=1,..., N

(GO = vik).wh) |+ (Ae(vi),e(wh) |+ (Be(ul), e(wh)

+/)\ﬁfwljk da + /)\hf W da = (fhk h>v vwh e vt

© (4.2)

MK € 0p, (VIF) + LolF in Y
AF € pp(opf)dp, (vEF)  in VP

Here, up* = ul, vi* = ul and ul* = u}* + > =1 kvhk

In a similar way, the discrete version of the penalty Problem ﬁ‘a, can be formulated as follows.

Problem 15{}’; Find a velocity field vi* = {th N C V" and a friction stress field
AIE = (ANFRAN_ VI such that, for alln =1,...,N

(vl =ik )owh) 4 (Ae(vE).e <wh>)Q+(Bs<u2,’f>,s<vh>)Q
+- / v = g)rwy, da+/ Jw! da (4.5)

/ AR Wl g = (f[;k,wh) ywh e v
14

ALF e up( " )0p-(VEE) in Y] (4.6)
Here, uhk = ug, hk =u} and u hk + ijl kvgf.

4.2. The solution algorithm

The algorithm we use to solve the discrete frictional contact Problems ﬁ"}k and ]5(}’; is based
on a combination of the augmented Lagrangian method for the unilateral conditions in velocity
and the penalty method for the normal damped response condition. For friction law (4.1)s,
we also use an augmented Lagrangian approach, see (Alart et al., 1991; Khenous et al., 2006;
Wriggers, 2002). To this end, we introduce the notation A = \,v + A, where A\, = A - v and
Ar = A=\, v. We now introduce the expressions of the functions w”, u” and du” by considering
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their values at the i-th node of 7" and the basis functions o' of the space V" fori =1,..., N},
ie.
Nigw Nigv Nigw
wh = Z w'a! u' = Z u‘a’ ou’ = Z du'a’
i=1 i=1 i=1

Here and below, N}, represents the total number of nodes of 7", and N 1@3 denotes the total
number of nodes of 7" lying on I.

The augmented Lagrangian approach shows us that the Problem 15{}"‘ can be governed by
the system of nonlinear equations

R(6Vn, Vi, Un, Ap) = M(6v,,) + A(vy) + G(,) + F(vi, M) = 0 (4.7)

where the functions l\N/I, A, G and F are defined below. Here, the vectors dv, € ]RdXNt}fat,
h

Vv, € RdXNt}Zt, w, € R"Niow and X, € RPNTy represent the generalized velocity, the displace-

ment and the Lagrange multiplier vectors defined by

. h . h . h
v, = {8V e Vi = {v et w, = {u}

An = {\ }NI@3 forall n=1 N
n it s

where vl | vi and u, denote values of the functions §v/*, v/ and u"* at the i-th nodes of 7T".

Moreover, )\il represents the value of )\Zk at the i-th node of the discretized contact interface.

dx NI

Next, the generalized acceleration term l\N/I(a) € RONioe x RNy | the generalized viscous term

~ h ~ h
A(v) € RN x RNy and the generalized elastic term G(u) € RNor x R¥MNrs are defined

by M(a) = (M(a)vodeI’E3)7 A(V) = (A(V)vode;E?)) and é(u) = (G(u)vodeI}iB)' Here 0d><N?3

h
is the zero element of R™"7s; also, M(a) € RN, A(v) € RNior and G(u) € RN
denote the acceleration term, the viscous term and the elastic term, respectively, given by

(M(a) - w) axnh = (pa”, w") g Va,w € RNt val wh e V1

R
(AV) - W)_genp = (Ae(vM),e(Wh)q Vv, we RNl yyh wh e vh

(G(u) - w = (Be(u"),e(W")g — (£, W)y Vu,w e R*No wvu wh e V"

)RdXNthot

Above, a, v, u and w represent the generalized vectors of the components a;, v;, u; and w;,
fori=1,... ,N[gt, respectively, and note that the volume and surface efforts are contained in
the term G(u,,). Finally, the frictional contact operator F (v, Ay) associated to the boundary
condition on the contact surface is given by

(Fv. ), (w,)

h
]RdXNtotXR

s, = [ VuPullelly) - w" da
I3

4 [T N RN W da k[ TAG N L X)  da
Fg FS
Vv, w e RO w4 e RPN Wb wh e VWAl 4h e YR x Y

Here P. : R — R is a derivable function such that VyP. = p on (—00,¢], [] : R — R is the
function defined by

] s if s<gyg
[8]9_{ if s>g
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and Vy represents the gradient operator with respect the variable x. Also [], and I’ denote the
augmented Lagrangian functionals

v L.
(" AL) = XL+ %(vﬁ —9) = 5 dist?{A, + 1, (v] — g),RL},
Y (4.8)

1
(VN = N TR — st (AR v, Clup (o)}

Here, 7, and r, are positive penalty coefficients, C[up(v?)] represents the convex disk of
constant radius pp(v?) and dist{z,C} denotes the distance from z to the set C, i.e.,
dist{z, C'} = infycc||lz — y||.

Note that, in the case of penalty contact condition (2.28), there is no need to use the Lagrange
method. Indeed, the penalty method can be used by considering A, = 0 in equation (4.8);. Then,
augmented Lagrangian functional (4.8); takes a simpler expression

v 1 ..
Dol — g)2 — —dist?{r, (o] — g),R%}

I(v",0) =
WV 0) =3 o,

in which 7, can be replaced by the penalty parameter . Thus, the frictional contact operator
F(v,A) associated with frictional contact conditions (2.28) and (2.29) is given by

(f(v, A), (W”Y))Rdxwh XNJ}% - /VVPC([UZ}]g) -w' da

tot XxIR
42 / g) sl da—i—/Vlrv)\h)wda—i—/VAlrv)\h)fyda

d><NF3

vaeRdX tot, YA,y €R vt w evh, VAR A e v vk

The solution algorithm consists in a prediction-correction scheme based on a finite differences
method (the backward Euler difference method) and a linear iterations method (the Newton
method). The finite difference scheme we use is characterized by a first order time integration
scheme, both for the acceleration dv,, and the velocity v,, = du,,. To solve nonlinear system (4.7),
at each time increment the variables (v,,A,) are treated simultaneously through the Newton
method. For this reason, we use in what follows the notation x, = (v, A,). Inside the loop of
the increment of time indexed by n, the algorithm can be developed in three steps which are
the following.

For n =0 until N, let ug, vo and Ay be given.

e The prediction step: This step provides the initial values u’,;, v% ; and 0 41 by the
formulas

e The Newton linearization step: At the iteration ¢ of the Newton method, we have

. C . . . -1 vi — vt . . .
i+1 %t n+1 7 K 7 R n+1 n 7 7 )
XnJrl Xn+1 — ( k + Qn-i—l +k n+1 + Tn+1) ( L s V1 Upids An—f—l)

where X?:i_ll denotes the pair (vfljll,}\f;ll); i and mn represent respectively the Newton itera-
tion index and the time index, respectively; Cn 41 = DyM(6v!, ;) denotes the mass matrix,
‘41 = DyA(vl,,) is the damping matrix, K} ,; = DyG(u’ ) represents the elastic matrix

and T | = Dy xF(vi, i, AL, ) is the contact tangent matrix. Also, DyM, DyA, D,G and



Numerical modelling of a dynamic contact problem...

493

Dy zF denote the differentials of the functions M, A, G and F according to the variables v
and X. This leads us to solve the resulting linear system

Ci . . . . Vi — Vi . . .
( T];Jrl + Q%_H + kK:H-l + T:H_l)AxZ — —R(%’ V%_H’ uiz—f—l’ A:H-l) (4.10)

where Ax = (Av?, AX") with Av? = vit, —vi | and AN = XoEL — A7

e The correction step: Once system (4.10) is solved, we update xf;fl and ui#l by
Xphh = X1 + A wth =y + kAV!

Note that formulation (4.7) has been implemented in the open-source finite element library
GetFEM++ (see http://getfem.org/).

5. Numerical simulations

To verify the performance and the accuracy of the numerical method described in the previous
Section, a number of numerical experiments have been performed on a well known test problem.
We describe in this Section the numerical results we obtained for Problems Py and Py, in
dimension two. The physical setting is depicted in Fig. 1. There, the domain 2 = (0,2) x (0, 1)

b UL LLL

Fig. 1. Physical setting and finite element discretization for h = 1/33

is the cross section of a three-dimensional linearly viscoelastic body subjected to the action of
tractions in such a way that a plane stress hypothesis is assumed. On the part {0} x [0, 1], the
body is clamped and, therefore, the displacement field vanishes there; the horizontal component
of the displacement field vanishes on the part {2} x [0, 1]. Thus, I'1 = ({0} x [0,1])U ({2} x [0, 1]).
Vertical tractions act on the part I's of the boundary. No body forces are assumed to act on
the viscoelastic body during the dynamic process. The body is in frictional contact with a rigid
obstacle on the part I's = [0,2] x {0} of the boundary. We recall that the contact follows the
normal damped response condition associated to Coulomb’s law of dry friction as far as the
normal velocity is less than the bound g and, when this bound is reached, it follows a unilateral
condition in velocity associated to the Tresca friction law.

The material response is governed by a viscoelastic linear constitutive law defined by the

elasticity tensor B and the viscosity tensor A given by
Ev

(BT)ap = 2 (T11 + T22)00p + T r

(AT)ap = (11 + T22)00p + NTap 1<« 6<2

Ta 1]

where F is Young’s modulus, s is Poisson’s ratio of the material, p, 1 are viscosity constants,
and 0,3 denotes the Kronecker symbol.
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In computations, we have used the following data: T = 1s, up = Om, 1y = O0m/s,
p = 2000Kg/m3, E = 100GPa, v = 0.2, u; = 0.25GPa, pus = 0.5GPa, f; = (0,0) GPa,
f, = (0,—10t) GPam on Iy, p = 04, ¢ = 0.05m/s, p(r) = ¢ (r)+, ¢ = 50GPas,
e = 1/50000 GPas.

1.0 1.07
0.9 0.9—%
0.8 K 0.81
0.74 N 0.7
0.6 0.61 R
0.5—; 0.5% { %
0.4 S 0.4 ¢ g
0.33 %‘% 0.3—§ %g g % 4
0,2% §>§§ 0,2% g g §
0.1 %? 0.14 g

of 0]

0 02 04 06 08 1.0 12 1.4 1.6 18 20 0 02 04 06 08 1.0 1.2 14 1.6 1.8 2.0

Fig. 2. Deformed configuration at the final time: the original contact problem (left) and the penalty
problem (right)

The deformed configuration of the body at the final time T = 1s is represented in Fig. 2 (left),
which corresponds to the numerical solution of problem Py . Note that the vertical displacement
of the bottom side is quite large, and this is a consequence of the fact that we model the contact
with the normal damped response condition which, in contrast to the unilateral condition in
displacement, describes the contact with a deformable foundation and allows penetration. In
order to compare the deformed mesh related to Problem Py with that obtained for the numerical
solution of Problem P, we plotted in Fig. 2 (right) the deformed configuration for the numerical
solution of the penalty problem Fy,. Then, in Figs. 3 and 4, we show the reactions and velocities
of the nodes of the contact surface for u = 0.4. The zone AB is a sliding zone formed by 15 nodes
which are in a status of the normal damped response; there, the normal velocity is such that
0 < 1, < g and the tangential velocity does not vanishes, i.e., i, # 0. In this zone, the friction
follows the Coulomb law. The zone BC is a sliding zone formed of 29 nodes which are in a status
of the unilateral condition in velocity; there, the normal velocity reaches the bound g. In this
zone, the friction follows the Tresca law with the friction bound Fp. Next, we have the stick
zone CD where the slip vanishes and |0 ;| < Fp.

1.2e09 1.2e09
7 1.1e09 7 1.1e09
ﬂ‘f 1.0e09 # \ + g‘f 1.0e09
g 9e08 |- Zone AB% Zone BC Zone CD-- Q 9¢08 j
§ 8e08 fm § 8e08 f
g 5e08 QQ g 5e08 qg
3e08 OO |0'7—| 1 3e08 o0 |O'7—|
2008 jj —— up(in) ki 2¢08 jf =+ pp(i)
108 B I S 108 B o
OQOOO 0.2 04 06 08 1.0 1.2 14 1.6 1.8 2.0 06000 0.2 04 06 0.8 1.0 1.2 14 1.6 1.8 2.0

Contact boundary [m] Contact boundary [m]

Fig. 3. Frictional contact reactions on I's at the final time: the original contact problem (left) and the
penalty problem (right)
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Fig. 4. Velocity on Iz at final time: the original contact problem (left) and the penalty problem (right)

According to the deformed configurations (Figs. 2-4), we observe that the numerical results
obtained for the solution of Problem Py are very well approximated by the solution of Pro-
blem Py .. Next, we lead a parametric study according to the penalty coefficient . To this end,
in Fig. 5 we consider various values of ¢, and we compare in the left graph the normal velocities
profiles on the contact boundary obtained for the solution of the original contact Problem Py
and the penalty Problem Fj;. In the right graph of Fig. 5, we study the convergence on the
whole discrete domain 2" of the velocity solution obtained for Problem Py, towards that obta-
ined for Problem Py . Here, we consider the numerical estimation of the difference |[a/* — a"*||
at the time 7' = 1s between the numerical solutions obtained for Problems Py and Fj;. The
results depicted in Fig. 5 illustrate that the solution of the penalty problem gives a reliable and
accurate approximation of the original problem, provided that the penalty parameter takes very
large values.

= i 10!
< et — >
> |§ 100
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= -0.30
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Fig. 5. Normal velocity for different values of the contact penalty parameter (left) and convergence of
the penalty method (right)
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