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The dynamic response and isolation performance of a Quasi-Zero-Stiffness (QZS) vibration
isolator using inclined springs as negative stiffness correctors under random excitation are
presented in this paper. The probabilistic linearization method is employed to determine
the dynamic response of the QZS vibration isolator and compared with the exact solution
based on the Fokker-Planck-Kolmogorov (FPK) equation and the equivalent linearization
method. Two performance indexes (Mean Square Relative Displacement (MSRD) and Mean
Square Acceleration (MSA)) are considered to evaluate the isolation performance of the QZS
vibration isolator under random excitation and compared with the equivalent linear vibration
isolator. The results show that the MSRD of the QZS vibration isolator is always lower than
the equivalent linear vibration isolator, while the MSA of the QZS vibration isolator can be
larger or lower than the equivalent linear vibration isolator based on the values of damping
ratio and spectral density of the random excitation.

Keywords: vibration isolator, quasi-zero-stiffness, random excitation, dynamic analysis,
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1. Introduction

Nonlinear vibration isolators with Quasi-Zero-Stiffness (QZS) characteristic (Ibrahim, 2008) ha-
ve been developed to improve the vibration isolation performance of passive linear vibration
isolators and have drawn much attention in the engineering industry since they can provide
lower vibration isolation frequency without sacrificing the load bearing capacity. The QZS vi-
bration isolator usually comprises of a load bearing elastic element providing positive stiffness
and special mechanisms providing negative stiffness named as negative stiffness correctors. Ala-
buzhev et al. (1989) investigated the effect of negative stiffness correctors and summarized many
prototypes of QZS vibration isolators. Carrella et al. (2007), Kovacic et al. (2008) and Hao and
Cao et al. (2014) considered a QZS vibration isolator by using inclined springs as negative stif-
fness correctors and studied the static and dynamic characteristics theoretically. Le and Ahn
(2011) built a QZS vibration isolator composed of a positive stiffness mount and two symmetric
negative stiffness structures for improving vibration isolation performance of the vehicle seat.
Robertson et al. (2009), Zhou and Liu (2010) and Xu et al. (2013) used electromagnetic springs
or magnetic springs as negative stiffness correctors to build a QZS vibration isolator and studied
the static and dynamic characteristics detailedly. Liu et al. (2013) designed a QZS vibration
isolator by using Euler buckled beams as negative stiffness correctors and analyzed the dynamic
behavior theoretically. Shaw et al. (2013) used bistable composite plates as negative stiffness
correctors to form a QZS vibration isolator and investigated the dynamic response theoretically
and experimentally.

In most of the above mentioned researches, the dynamic response and vibration isolation
performance of the QZS vibration isolators under harmonic excitation have been investigated in
detail. The QZS vibration isolator can also endure shock excitation or random excitation, which
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are common in the practical engineering. Liu et al. (2013) and Wang et al. (2014) considered the
performance of the QZS vibration isolators under shock excitation systematically. But the per-
formance of the QZS vibration isolator subjected to random excitation has been rarely discussed
in detail. Linear vibration isolators under random excitation were studied fully by Harris and
Piersol (2002). Lyon (1960, 1961) investigated vibration statistics of a randomly excited hard-
spring oscillator and obtained an expression of the joint density of displacement and velocity.
Klein (1964) considered the random excitation of a nonlinear system with tangent elasticity
characteristics and studied the dynamic behavior of the nonlinear system in detail. Kirk (1988)
compared dynamic performances of three different kinds of nonlinear vibration isolators with
cubic hard, cubic soft and tangent stiffness comprehensively. Shin (2014) did experimental in-
vestigation of the vibration transmissibility of a magnet-spring vibration isolator under random
excitation.

A number of approximated analytic methods have been developed to study the dynamic
response of nonlinear vibration isolators under random excitation, such as the method based
on the Fokker-Planck-Kolmogorov (FPK) equation (Lin, 1967), equivalent linearization method
(Caughey, 1963), partial linearization method (Elishakoff and Cai, 1993), dissipation energy
balancing and weighted residuals method (Cai and Lin, 1988), and cumulant-neglect closure
method (Wu and Lin, 1984). In this paper, the probabilistic linearization method (Polidori and
Beck, 1996; Polidori et al., 2000) is used. The probabilistic linearization method finds a linear
vibration system which best approximates the true nonlinear vibration system and minimizes
the error of the FPK equation rather than the stochastic differential equation, it can yield simple
expressions to determine the desired probabilistic characteristics of the dynamic response of the
nonlinear vibration system.

The organization of this paper is as follows. A QZS vibration isolator using inclined springs
as negative stiffness correctors (Carrella et al., 2007) is presented and a brief static analysis of the
QZS vibration isolator is shown in Section 2. In Section 3, a brief description of the probabilistic
linearization method is introduced, the dynamic response of the QZS vibration isolator under
random excitation using this method is obtained and compared with the exact solution based
on the FPK equation and the equivalent linearization method. In Section 4, two performance
indexes are considered to evaluate the isolation performance of the QZS vibration isolator and
compared with an equivalent linear vibration isolator. Conclusions are drawn in Section 5.

2. Static analysis of a QZS vibration isolator

A QZS vibration isolator comprised of a vertical spring used as the load bearing element and
inclined springs used as negative stiffness correctors is shown in Fig. 1. Figure 1 also shows when
loading a mass m, the system is balanced at the static equilibrium position, and the inclined
springs are in the horizontal position. The stiffness of the vertical and inclined springs are K,
and Kjp; the initial length of the inclined springs is [y and the length when they are in the
horizontal position is [; the damping coefficient of the damper is ¢; x is the displacement of the
mass from the static equilibrium position and y is the base excitation with random input.

The force-displacement and stiffness-displacement relationships of the QZS vibration isolator
are given as

lO 2Khl0l2
F=K,(z—y)+2Kp(l— ——)(z— K =K, +2K),— 2.1
oo =) +28 (1= ——== ) (e =) o+ 2K~ s (21)
Equation (2.1) can be written in non-dimensional form as
- 1 — 2k
F =24 2k(1- )E K=1+2- (2.2)

2(1— )+ 12 V20— ) + 23
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Fig. 1. Model of a QZS vibration isolator

where z = (z — y) /x5, F = F/(K,x), | = /lo, k = Kp/K,, K = K/K,, x5 = \/I2 — 12 is the
static equilibrium displacement.

The non-dimensional stiffness of the QZS vibration isolator at the static equilibrium position
can be obtained by substituting z = 0 into Eq. (2.2),

Ky=1+ Qk(l - %) (2.3)

If the stiffness of the QZS vibration isolator is zero at the static equilibrium position, the
QZS characteristic can be achieved and then the value of [ is given as
T 2k
@75 T ok

(2.4)

The non-dimensional force-displacement and stiffness-displacement curves of the QZS vibra-
tion isolator for various values of [ when k = 1 are shown in Fig. 2. It can be seen that when
I = ZAQ 75, the positive stiffness of the vertical spring is balanced by the negative stiffness provided
by the inclined springs at the static equilibrium position, then the QZS characteristic can be
achieved. When [ < ZAQ zs, the stiffness of the QZS vibration isolator is negative in the neigh-
borhood of the static equilibrium position which is an undesirable condition in the engineering
practice. When 1> ZAQ zs, the stiffness of the QZS vibration isolator maintains a small positive
value at the static equilibrium position. So in order to keep the stiffness positive, { should be
greater than or equal to ZAQ 7S-
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Fig. 2. Non-dimensional force-displacement and stiffness-displacement curves
When the amplitude of the displacement is small, the non-dimensional force and stiffness
can be expanded as a Taylor series at the static equilibrium position z = 0 for simplicity
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The dynamic equation of the QZS vibration isolator under random base excitation using a
third-order Taylor series expansion is given as

mi + c(& —y) + ok, (x —y) + nyv(x;J =0 (2.6)

where the dots denote derivatives with respect to time t. Equation (2.6) can be written in
non-dimensional form as

24202 + 24 22 = f(T) (2.7)

where ¢ = ¢/(2mwy,), A = v/a, w, = JaK,/m, T = wut, f(T) = —y"/xs. The primes denote
derivatives with respect to 7. When the base excitation is random excitation, the mathematical
expression of the non-dimensional function f(7") can be expressed as

J(T) = vSon(T) (2.8)

where n(7T) is a stationary zero-mean Gaussian white noise with E[n(T)n(T + 7)] = §(7) and
So is the spectral density. Then, Eq. (2.7) can be written as

2420 + 24 A2 = /Son(T) (2.9)

3. Response of the QZS vibration isolator under random excitation

The response of the QZS vibration isolator under random excitation is obtained by using the
probabilistic linearization method. The probabilistic linearization method finds an equivalent
linear vibration system whose stationary probability density function best fits the FPK equation
of the nonlinear vibration system. Consider the Ito stochastic differential equation

dz(T) = g(z,T)dT + h(z,T)dw(T) (3.1)
where z € R", g(z,T) € R", h(z,T) € R™™ and w(T) € R™ is a normalized Wiener process
with E[(w;(Th) —w;i(T2))(w;(T1) —w;(T2))] = |T1 —T3|6;5. The FPK equation is a linear equation

governing the evolution of the state transition probability density function p(z,T|zg,Tp) of the
system, which is given as

a—TP(Z,T|ZO,T0) = L(z,T)p(z,T|z0, To) (3.2)

where L(z,T) is the forward Kolmogorov operator expressed as
"0 e~ 0 0
L(z,T)p ;a— gi(z,T)p 5;28—8— i (2, T)p(2,T)) (3.3)

where b(z,T) = h(z, T)h' (z,T) € R™*". The equivalent linear vibration system used to appro-
ximate Eq. (3.1) is defined as
dz(T) = Aeq(0)2(T)dT + Beg(o)dw(T) (3.4)

where A¢q(0) and Be,(0) are the matrices of appropriate dimensions and o is a parameter vector
of the equivalent linear vibration system.
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Define Ly;(z) and Ly;,(z|o) as the forward Kolmogorov operators of the nonlinear vibration
system and equivalent linear vibration system respectively. Let p,;(z) and py,(z|o) be stationary
solutions of their corresponding FPK equations, then gives

Ly (2)pn(z) =0 Liin(2|o)piin(2lo) = 0 (3.5)

where py;,(z|o) is the Gaussian probability density function of the equivalent linear vibration
system and depends on the parameter vector ¢. The main objective of the probabilistic lineari-
zation method is to find a probability density pj;,(z|o) to satisfy the following condition

Lnl(Z)Plin(Z|0) ~ 0 (36)

The criterion for making this condition is chosen as
min || L (2)piin(2]0)]| (3.7)

where the norm is a standard or weighted R? norm. For any two functions: f(z),g(z) : R® — R,
the standard R#? inner product of these two functions is defined as

(o) = [ (2)(2) dz (35
A

For any weighted function u(z) > 0, a weighted inner product of these two functions is
defined as

(o= [ F@g)n() dz (39)
i

So a standard R®? norm and weighted 32 norm of the criterion can be obtained

Iat(2prin(10) e = [ (LusIpin(21))? dz
m (3.10)

1Lat(2pin(210) oy = [ LI e1e)Pu(2) dz
4

The weighted function p(z) is chosen to put emphasis in the approximations to the tails
of the probability density function of the nonlinear vibration system, which is known to be
non-Gaussian for the nonlinear vibration system.

The exact probability density function of the nonlinear vibration system based on the FPK
equation expressed by Eq. (2.9) is given by

AN/ (7So) A1, 1 1

p(z1,22) = AY 5

where 21 = z, 20 = 2/, e = (/(2\Sp) and K, /4 is a modified Bessel function of the second kind.
Rewriting Eq. (2.9) in form of Eq. (3.1), gives

_dzl (T)_ . [ zZ9 0
dzo(T)| — |-2Cz — 21 — 123 T+ V'So dw(T) (3.12)
The associated equivalent linear vibration system is obtained as
d(T)] [ 0 1 21 0
= dl + dw(T 3.13
_dZQ(T)_ _—wgq —2<eq‘| L’Q vV SO w( ) ( )
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The stationary probability density function of the equivalent linear vibration system can be
obtained as the following two terms

4Ceqw 2(eqw? 2,
Pin (3|t Ger) = 51t exp = (=g =tef + =52t43 ) |

(3.14)

1 22 25
plin('z|0a UZQ) = 2100, eXp {_ (ﬁ + 2022 )}

Since the damping ratio of the nonlinear vibration system is linear, the probability density
function of p,;(22) is a Gaussian probability density function, then Eq. (3.14)2 can be obtained
as a function of the parameter o

1 22 23
) — Y (ad S A 1
Piin(2]) 2100, exp{ (202 * 202, )} (3.15)

where 0'22 = S0/(4¢). The forward Kolmogorov operators of the nonlinear vibration system and
the probabilistic linearization method criterion are given by

_ S 0?p(2) d

0
Lyi(2)p(z) = > 02 8—21[2217(2)] + 8—,22[(2<22 + 21+ A2t )p(2)] (3.16)

min | Lt (2)piin (2|0) |

Using the standard R? norm, Egs. (3.16) can be written as

SO 2( 2 21 Z1 )\Zi)’ SO
Lo(2)pin(2lo) = (o — = )52+ (= — = — =3 %2 + 20 — o ) puin(z|0)
n in [(20212 0-22 ) (o'g1 0'22 022 ) 20_22 ) in
1502 3\ 1 3\ 1
: 2 5 3
min | Lot(Jpin (A0 = G570+ 15270 + 4 (——% —022)0 (3.17)

3 14 1 3¢S 352 11 .
+KEC2_§) ¢So 0 } Oz

To minimize the criterion, let dming || Ly (2)piin(2|0)|/%e /00 = 0, then o can be obtained
numerically.
0, can also be obtained by using the equivalent linearization method, then it gives

o VT FBOS —¢

: 6CA

3 5 3
0., 8moy, 64mol,lo  16mo

(3.18)

Figure 3 shows the probability density function p(z) of the QZS vibration isolator using
different analytical methods. It can be seen that both the probabilistic linearization method and
equivalent linearization method give good results in the tails of the probability density function,
but the errors become larger in the peak value areas of the probability density function and the
probabilistic linearization method gives better results than the equivalent linearization method.
When lAincreases, the parameter « increases and v decreases, which indicates that the nonlinear
parameter A becomes smaller, the errors of both methods become smaller in the peak value areas
of the probability density function.

4. Performance of the QZS vibration isolator under random excitation

The performance of the QZS vibration isolator under random excitation is evaluated by two
performance indexes, which are defined as follows:
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Fig. 3. Probability density function p(z) of the QZS vibration isolator using different analytic methods
(¢ =0.02, Sp = 0.05)

(1) Mean square relative displacement (MSRD) E(22),
(2) Mean square acceleration (MSA) E(2"?).

It is also of interest to compare the isolation performance of the QZS vibration isolator with
an equivalent linear vibration isolator with the same load bearing capacity. Since the QZS vi-
bration isolator is comprised of the load bearing element and negative stiffness correctors, the
equivalent linear vibration isolator is the QZS vibration isolator with the negative stiffness cor-
rectors removed, then the natural frequency and damping ratio of the equivalent linear vibration
isolator can be obtained

G =+a (4.1)

Wn

Ja

w; =

4.1. Mean square relative displacement (MISRD)

The MSRD can be obtained by using both the probabilistic linearization method and equ-
ivalent linearization method, which can be clearly seen in Eq. (3.17) and Eq. (3.18). The MSRD
obtained by the probabilistic linearization method can be improved by using a weighted func-
tion. The weighted function p(z) = 1+ 22 is used in calculating F(2?). Although the chosen
weighted function can be arbitrary, this particular function is chosen for three reasons:

(1) Give more weight to the tails of the probability density function p(z), as the probability
density function p(z) for small values of z is not as important when calculating MSRD.

(2) The weighted function should not significantly increase the computation complexity.

(3) Tt seems reasonable to include a 2% term in calculating E(22). Then the weighted R? norm
of the criterion combining Eq. (3.10)2 and Eq. (3.17); can be obtained

10502, 15(A2+2)) 5 1 (_15,\ 3+6,\)03

H}Tin HLnl (z)plm(Z\U) H%?Q ()

- 128703, 6403, 27\ o, o3,
3 5 3\ 34\ 1 1 3 1 352
Sl L S (- (5 4+ —0 42
* K87rc 167 167r)% (167r T67° 0) o3 1287022]0 (42)

{3%+(3<2 1)1 3§SO+3S§}1 0z

327 dn> 8mlo., 8rod,  64mol, o

* o 16wo?

To minimize the criterion, let 0 min, \|Lnl(z)plm(z|a)H%QQ(M)/GJ = 0, then o can be obtained
numerically.

Figure 4 shows the MSRD curves of the QZS vibration isolator using different analytical
methods. The exact solutions can be determined by integrating Eq. (3.11) directly using the
numerical method. It can be seen that the probabilistic linearization method overestimates the
MSRD, while the equivalent linearization method underestimates it. The weighted probabilistic
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Fig. 4. MSRD curves of the QZS vibration isolator using different analytical methods
(¢ =0.02, Sp = 0.05)

linearization method gives better results with the numerical results than the other two analytical
methods.

The MSRD curves of the QZS vibration isolator for different values of damping ratio and
spectral density of the random excitation using the weighted probabilistic linearization method
are shown in Fig. 5. The MSRD curves of the equivalent linear vibration isolator are also plotted
in the same figure for comparison, which are plotted in the thinner lines. The MSRD of the
equivalent linear vibration isolator is given as

S S,
2 S _ S (4.3)
1T 4G T Tt
(a) 102 (b) g2
SIS Q7S ¢=0.05 = ol

100¢ 100
1071} 107!
1072 1072
068 070 0.72 0.74 0.76 0.78 0.80 068 070 0.72 0.74 0.76 0.7 _0.80

l l

Fig. 5. MSRD curves of the QZS vibration isolator for different values of damping ratio and spectral
density of the random excitation

The MSRD of the QZS vibration isolator is always lower than the equivalent linear vibration
isolator, which indicates that the QZS vibration isolator can achieve a better isolation perfor-
mance for the MSRD case. With an increase in the damping ratio ¢ or a decrease in the spectral
density Sp, the MSRD of both vibration isolators decreases. Also when the length ratio 1 incre-
ases, the parameter « increases, v decreases and the nonlinear parameter A becomes smaller,
then the MSRD of the equivalent linear vibration isolator decreases, while the MSRD of the
QZS vibration isolator increases with an increase in the length ratio l.

4.2. Mean square acceleration (MSA)

The MSA is an important index for investigating the overall effects of various parameters on
the response of the vibration isolator. The MSA can be obtained from Eq. (2.9)

E(2"%) = ACE(2%) + B(z?) + 29E(2*) + v E(:°) (44)
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The MSA can be determined by using both the probabilistic linearization method and equ-
ivalent linearization method. Using these two methods, Eq. (4.4) can be transformed as

E(z”Q) = (Sy + 0% + 6vy0* + 1572%0° (4.5)

where E(2?) = o2 is determined differently for these two methods. The MSA obtained by the
probabilistic linearization method can be improved by using a weighted function. In this case,
the weighted function u(z) = 14 (212 4 222%)? is chosen in calculating E(2"?), where z1 and x5
are larger values in order to put more weight to the tails of the probability density function
because of the o2, o and ¢ terms exist when it determines E(z” 2). Then the weighted R?
norm of the criterion can be obtained

i 10395223 945( N2z + A2
min || Lot (2)piin (200) [ () = —15—5—20"" ( ) o

512703, 128703,
105 , 9Ax3  Na? +4dpag + 23\ ;15 9 .9 o 1
- —— | (623¢% — 14 a1 29 — T23)—
12871'( o + =) )J + 6 [( 2518 T1T2 xQ)UzQ
1 32352
+ (=323¢ Sy + A2 + 2)x? + 2r122) — + 25 0}05
0%, 802,
105x30 9z129C%  15x129  1522AN 1
(105720 ( - ey L (46)
1287 8T 167 32w /0y,
3 SC% 9%1%258 3
-3 So+ A+ 2E) 4 =20
T (-3meaSo+ A+ 5) + 128705, Jo
1521290, 3 5 3\ 322y 1 1 3m 1 32153
et - Ty TS — 4 0
+{ 3or (87rx1< 16 167r)% <167r 1670 0) o3 * 1287m§2}

{39@% +<3 2 1 )L 3¢S 353 }1 0,

327 4n>  8rlo,, 8ro3,  64mod 1o 16mo3

To minimize the criterion, let 0 min, \|Lnl(z)plm(z|a)H%QQ(M)/@J = 0, then o can be obtained
numerically.

Figure 6 shows the MSA curves of the QZS vibration isolator using different analytical
methods. The exact solutions can be determined by integrating Eq. (4.4) directly using the nu-
merical method combined with Eq. (3.11). It can be seen that both the equivalent linearization
method and the probabilistic linearization method overestimate the MSA. The weighted proba-
bilistic linearization method gives better results with the numerical results than the other two
analytical methods.

30
a0 — Exact.
X 25F e Equiv. lin.
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0
068 070 0.72 0.74 0.76 0.78 0.80
l

Fig. 6. MSA curves of the QZS vibration isolator using different analytical methods
(¢ =0.02, Sy = 0.05)

The MSA curves of the QZS vibration isolator for different values of damping ratio and
spectral density of the random excitation using the weighted probabilistic linearization method
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are shown in Fig. 7. The MSA curves of the equivalent linear vibration isolator are also plotted in
the same figure for comparison, which are plotted in the thinner lines. The MSA of the equivalent
linear vibration isolator is given as

B("}) = (1 +4¢)02 = (1 + 40‘C2)4joag (4.7)

It is more complicated for the MSA case. With an increase in { or a decrease in Sy, the
MSA of both vibration isolators decrease. For smaller values of ¢, the MSA of the QZS vibration
isolator is larger than the linear one, which indicates the isolation performance of the QZS
vibration isolator is inferior to the linear one; when ( continues to increase, the MSA is more
or less the same for both vibration isolators; when ( reaches a higher value, the MSA of the
QZS vibration isolator is smaller than the linear one, which indicates that the QZS vibration
isolator can achieve a better isolation performance. For smaller values of Sy, the MSA of the
QZS vibration isolator is smaller than the linear one; when Sy continues to increase, the MSA
is more or less the same for both vibration isolators; when Sy reaches a higher value, the MSA
of the QZS vibration isolator is larger than the linear one, then the isolation performance of the
QZS vibration isolator is inferior to the linear one. Also when the length ratio lAincreases, the
MSA of both vibration isolators decrease.

(a) (b) 0!
T10'f Bom0.03) | — 925 o1 2 075 5001
—— Q78 (=010 = N
100

v X\

0.68 0.70 0.72 0.74 0.76 0.78 0.80 0.68 0.70 0.72 0.74 0.76 0.78 0.80
l l

1072

Fig. 7. MSA curves of the QZS vibration isolator for different values of damping ratio and spectral
density of the random excitation

5. Conclusions

In this paper, the dynamic response and isolation performance of the QZS vibration isolator
under random excitation are investigated. The QZS vibration isolator is comprised of a vertical
spring providing positive stiffness and inclined springs used as negative stiffness correctors.
The probability density function of the relative displacement of the mass is obtained by using
probabilistic linearization method, and compared with the exact solution based on the FPK
equation and the equivalent linearization method. The compared results show that both the
probabilistic linearization method and equivalent linearization method give very good results in
the tails of the probability density function, but the errors become larger in the peak value areas
of the probability density function and the probabilistic linearization method gives better results
than the equivalent linearization method. When the length ratio increases, which indicates that
the nonlinear parameter \ decreases, the errors of both methods become smaller in the peak
value areas of the probability density function.

Two performance indexes (MSRD and MSA) are defined to evaluate the isolation performan-
ce of the QZS vibration isolator. The weighted probabilistic linearization method is employed to
improve the accurate results of the two performance indexes by adding a weighted function to
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the criterion. The two performance indexes obtained by the weighted probabilistic linearization
method are also compared with the numerical method, the equivalent linearization method and
the probabilistic linearization method. The weighted probabilistic linearization method gives
better results with the numerical results than the other two analytical methods.

The isolation performance of the QZS vibration isolator is also compared with an equivalent
linear vibration isolator. The MSRD of the QZS vibration isolator is always lower than the
equivalent linear vibration isolator, which indicates that the QZS vibration isolator can achieve
a better isolation performance for this case. The MSA of the QZS vibration isolator can be larger
or lower than the equivalent linear vibration isolator based on the values of damping ratio and
spectral density of the random excitation, which is different from the MSRD case. For the MSA
case, the spectral density of the random excitation should be considered first, and choose an
appropiate damping ratio for the QZS vibration isolator to provide a better random isolation
performance than the equivalent linear vibration isolator.
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