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In this paper, the general forms of in-plane fields of a finite cracked plate have been achieved
in the elastic range by expanding the potential functions of the infinite cracked plate about
the crack tip. Subsequently, the stress intensity at the crack tip has been obtained. In
addition, the numerical models have been provided by the finite element method.The effect
of finite sizes on the stress and displacement fields has been detected and to validate the
obtained analytical relations, the least-squares curve fitting has been used. Moreover, the
calculated stress intensity correction factors have been compared with the existing results
in the literature.
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1. Introduction

As Sadd (2005) explains, the stress singularity and displacement discontinuity are two characte-
ristics of crack problems which lead to some complexity in solving these types of problems in the
theory of elasticity. Solving many of crack problems will be done only by assuming the infinity of
boundaries. Using this assumption, boundary conditions can be applied and the problem may be
solvable. In the real problems with limited boundaries, usually, the results of infinite problems
are used by applying a correction factor related to the finite size of the problem. The well known
case is the use of geometry correction factor for the stress intensity at the crack tip in a finite
cracked plate.

A wide range of studies using analytical and numerical methods are taken to determine the
stress intensity correction factor or other stress and displacement fields at the crack tip. Isida
(1971) estimated the value of the stress intensity at the crack tip by considering a special power
series form for the stresses of finite cracked plates. Wu et al. used the weight function method
to calculate the stress intensity under different loading conditions (Wu and Carlsson, 1983; Wu,
1984; Wu and Chen, 1989). Rice (1972), Ng and Lau (1999), Kiciak et al. (2003) and Jones et
al. (2004) are further studies for the use of the weight function method in the crack problems.
Many studies like Meng et al. (1998), Rangelova et al. (2003), Sahli et al. (2007) and Chen and
Wang (2008) used numerical methods such as finite element and boundary element methods to
observe the stress intensity or other fields at the crack-tip under different loading conditions.

Most of these studies examined only the near crack tip fields, especially the stress intensity
factor and do not study the changes of stress and displacements at a distance far from the crack.
Although there is no close form solution for the finite cracked plate, this study intends to extend
the basic relations of infinite cracked plates and obtain the general power series form for the
elastic stress and displacement fields of the finite crack plate so that it can be used for both
near and far from the crack tip. To confirm the capability of the obtained analytical functions,
some square plates with various crack lengths are modeled and analyzed with the finite element
method. Then, the least-squares curve fitting is used to fit the analytical series functions to the
numerically obtained stress and displacement profiles.
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2. Analytical approach

2.1. Infinite cracked plate

Figure 1 shows the central crack with length 2a in an infinite plate which is under a uniform
tension o, perpendicular to the crack direction.
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Fig. 1. Central cracked plate under tension

The classic solution of the infinite cracked plate using the complex variable method is ava-
ilable in many references such as Sadd (2005). Considering the complex coordinate Z = X +1iY
and i = v/—1, two complex potential functions v and ¢ are used with the following relations for
the elastic problem shown in Fig. 1

12) =22 (2V27 = a2 - 2) w(2) =22 (Z - %) (2.1)

o
4 4 2 _ 42
Based on the potential functions, the stress combinations become
oy +0x=2(v +7) oy — 0y + 2iTyy, = 2(Z9" +¢) (2.2)

where the prime and the over-bar signs denote derivative with respect to Z and the complex
conjugate, respectively, which results

oy +o :O'RGL—l Oy — 0y + 211,y =0 M+l (2.3)

in which Re is the real part. The corresponding displacements U and V respectively along X
and Y can also be expressed by

2u(U +iV) =ky — 2% — (2.4)

or

2u(U +iV) = % [% +k(VZ2—a? - Z) +1- 27] (2.5)

Since E and v are the modulus of elasticity and Poisson’s ratio, p = E/2(1 + v) and
k = (3 —v)/(1 + v) for plane stress problems. By setting X and Y in relations (2.3) and
(2.5), simpler forms of the stress and displacement can be obtained for specific cases. For exam-
ple, for Y = 0 and consequently Z = Z = X, the value of the shear stress Try is zero and the
profiles of the normal stresses and displacements in the X direction are expressed as follows:



The general form of the elastic stress and displacement fields...

1273

—for X <a
oy =0 Or = —0p
_ 200 e o 0oX (2.6)
E E
—for X >a
U@ o _;y - (2.7)
V=0 U:E"[u—y)\/X?—cﬁ—X}
Likewise, in the case X = 0 we have Z = —Z = iY, and hence
o, Y? {Y(YQ + 2a?) }
Oy = —=o-— Op = —_ —
4 (Y2 + a2)3 r ° (Y2 + a2)3
o, [2a% + (1 —v)Y? (28)
V=2 + Z/Y] U=0
E Va2 + Y2

Equations (2.6) to (2.8), which are obtained on the assumption of infinite dimensions, can be
used for both near crack-tip and areas away from that. But in the real problems with finite
sizes, the boundary conditions affect the stress and displacement fields. These effects become
more, away from the crack tip and near the boundaries and they rule out the use of infinite
plate relations for the finite one. In Fig. 2, the distribution of stresses o, and oy, on the axes
X and Y of a finite cracked plate are schematically compared with the infinite ones under the
same tension stress o,.
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Fig. 2. Comparison of the stress distribution in one quarter of a finite cracked plate (solid line) and the
infinite one (dash line) under the same tension; (+) for tensile and (—) for compressive stresses

2.2. Finite cracked plate

Ng and Lau (1999) used a method based on the expansion of field functions around the
crack tip to get the general form of the stress intensity at the crack tip. In that method, using a
variable transformation, the crack opening function V' from (2.6)3 is expanded around the crack
tip and consequently, the general form of the stress intensity is obtained as the infinite series.
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Present study uses the same method to obtain the general forms of all stresses and displace-
ments around the crack tip and away from that. For this purpose, the variable transformation
based on the parameters defined in Fig. 1 is

t=27%—a? (2.9)

so that at the crack tip we have ¢ = 0. Using (2.1) and the new variable ¢, let the general form
of the potentials be taken as follows

Oo

Zlw(t) - BoZ] ¥ = Z[BoZ — (1) (2.10)

Y=
where w(t) and ¢(t) are two basic functions of ¢ and By is an unknown coefficient. Comparing
equations (2.1) with (2.10), it can be concluded that for the infinite cracked plate we have By = 1,
w(t) = 2yt and p(t) = a®/v/t. As Ng and Lau (1999) mentioned, according to the theory of
linear elastic fracture mechanics, all the stresses and displacements in the vicinity of the crack
tip are similar for any two cracks under arbitrary boundary conditions; thus the general form of
the basic functions w and ¢ near the crack tip will be

Aya?
Vit

where subscript NT' denotes near tip. Subsequently, the normalized form of the basic functions
with respect to the near tip can be defined as follows

wnt = 24,V ONT =

(2.11)

Gt) = % F(t) = % (2.12)

Now, to reach the series form for basic functions, normalized forms (2.12) can be expanded in
Taylor series about the crack tip (¢ = 0)

aGM(o G2 (o G™m (o
G(t) = G(0) + 1,( i+ 2,( )t2+---+%t”+---
: : : (2.13)
FM(0 F®(0o F®) (0
F(t) = F(0) + 1,( i+ 2'()t2+---+%t”+---

where F'(n) and G(n) denote the n-th derivatives of F' and G with respect to ¢ which are
subject to the boundary conditions and the loading and, generally, can be used as the unknown
coefficients in the series. It should be noted that approaching the crack tip, G and F are close
to 1 so that at the crack tip (¢ = 0) we have G(0) = F(0) = 1. Hence after simplifying (2.13)
and using (2.11) and (2.12), the general form of the basic functions would be

W(t) = 2VE(Ag + At + Aot + -+ Apt" o) = Y 24,71

, =0 (2.14)
o(t) = %(AO F AL+ Apt? o At ) = aP A2
n=0

Finally, using (2.9) and substituting (2.14) respectively into (2.10), the general forms of the
potentials would be expressed as follows

v = % Z 24,(2% — a2)n+1/2 _ BOZ] W = % lBOZ _ Z aA, (2% - a2)n71/2
n=0 n=0

(2.15)
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Using above equations, the general forms of the stress and displacement fields can be achieved for
the whole finite cracked plate with arbitrary boundary conditions. Substituting equations (2.15)
into (2.2) and doing some mathematical works, each component of the stress can be expressed
separately

Oy = (’20 {ZA H, [222(2—n7)—a2(2”+3z—7)}} — Byo,

2n+1
ay:(’; {ZAH[2Z2(Z+nZ) (S”EZ Z)]} (2.16)

_ 0o 2 2n —1
Ty = Im{nz:oAanPZ (nZ) (2n+ Z+Z)}}
where Re and Im are the real and imaginary parts, respectively, and
H, = (2n +1)(Z% — a?)" =3/ (2.17)

In the same way, the displacements are obtained in the series forms by using (2.15) and (2.4)

,

U:—Re Aty — Bo(F2
PRl

(2.18)
_ Z—;Im g;Aan - Bo(k — 1Z+7)]
in which
Jo = k(Z2 = a®)" Y2 — (20 +1)2Z — a*|(Z° — 2" /2 (2.19)

As it will be shown, equations (2.16) to (2.19) as general forms of the stresses and displacements
can be used for finite cracked plates. It is necessary to note that the obtained equations are not
limited to fields near the crack tip and can get stresses and displacements away from that and
close to the boundaries. Although forms (2.16) to (2.19) are so complex, simplified equations
can be obtained for special cases. For example, for Y = 0, the profiles of non-zero stresses and
displacements are expressed as follows:

—for X <a
Oo
0z = —Bgo, U= _EBOX
. 2.20)
_ 20 ng 2 2n—1/2( 2 2 14v oo (
= 22 A(-1)"(@® - X?) (= X - —nX )
—for X > a
Or = O, Z A, X (X? - a2)"73/2 [X2 —a®—(2n — 1)nX2] — Byo,
oy =00 Y AnX(X? —a®)"??[(4n + 1)(X? - a®) + (2n — 1)nX?] (2.21)
n= 0
=2 Z A 21— )(X2 - a?) — (14 v)nX? — 2By X

E
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Likewise, in the case X =0

0p =00 Y Ap(n+1)(=1)"Y (Y2 +a®)""*?[2a> + (2n + 1)Y?] — Byo,

n=0
_JOZA DY (Y2 +a®)"322na® — (20 +1)(n — 1)Y?] (2.22)
_ %o 2 n—1/2[0, 2 201 To

ZA (Y2 +a?) 20+ Y*(1—v n(1+1/))]+EBOZ/Y

2.3. Calculation of the stress intensity

As mentioned, based on the principles of linear elastic fracture mechanics theory, the stress
and displacement fields near the crack tip have the same general forms for different boundary
conditions; but their value is a function of the stress intensity at the crack tip. In other words,
the stress intensity at the crack tip can be calculated from the fields of stress and displacements
near the crack tip. With regard to the first mode of fracture, the stress intensity K; can be
obtained from the stress field at Y = 0 and X > a as follows

K; = lir% oyV2mr r=X-—a (2.23)
r—

Now, using the dimensionless variable © = X/a, if (2.21)y is used with the above equation, it
will be

Kr= hm oo/Ta Z \/_ [(4n +1)(z* = 1D)" + (2n — D)na?(z* — 1)1 (2.24)
K = ooy/malAg(1) + A1(3) + A2(0) + - + A (0) + -+ -] (2.25)

As can be seen, despite numerous terms in series (2.21), the stress intensity at the crack tip is
related to the first two terms of the series. In the field of linear fracture mechanics, for cracked
problems with finite sizes, the so-called correction factor [ is defined as the dimensionless ratio
of K1/o,v/ma that includes the effect of boundary conditions and finite sizes. Hence, (2.25) can
be rewritten as follows

K
Oo\/Ta
Likewise, the stress intensity factor can be obtained based on the displacement field at Y = 0
and X <a

E
Kl—hm—vy/— r=a—X (2.27)
r—0 4 T

in which F is Young’s modulus, and substituting (2.20)3 into (2.27) we have

Kr _y OoiAnx n z2 —1)" n—Dnz?(z? — 1" !

s =l 3+ D 17+ On e 1)) (2.28)
and thus

Ki = 0ov/7a[Ao(1) +A1(1;”) T As(0) + -+ An0) + -] (2.29)
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It should be noted that coefficients An in (2.25) and (2.29) are not necessarily identical, and
each will be obtained independently by fitting the curves of stress and displacements. But the
remarkable thing is that, as a result obtained by the stress field, this time also the stress intensity
is related to the first two terms of the displacement filed series. In other words, the first two
terms in series (2.20)3 to (2.22)3 or generally (2.16) to (2.18) are related to the fields near crack
tip, and the other terms describe the effects of boundary conditions on the fields away from the
crack tip. However, using (2.29), the correction factor will be obtained based on the displacement
field as follows

K[ 1+v

= :A
b Oo\/ TG ot 2

Ay (2.30)

3. Numerical modeling and verifications

In order to assess the applicability of the analytical series for the finite cracked plate, the nume-
rical models are provided in ABAQUS environment. In this context, the stress and displacement
profiles have been extracted from the results of the prepared numerical models for specific cases
discussed in Section 2 and using the technique of least-square curve fitting have been compared
with the analytical results. Finally, the results of this comparison are presented in tables and
charts. Figure 3 shows the geometric parameters of the finite cracked plate under uniaxial tensile
load. Next, the description of the numerical models has been offered.
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Fig. 3. The finite plate with a central cracked under tension

3.1. Numerical modeling specifications

The numerical models have been made in ABAQUS environment using 4-node doubly curved
general-purpose shell elements S4R. After some mesh size sensitivity analysis, the proper finite
element mesh with 3600 elements and an adequate refinement near the crack tips is illustrated
in Fig. 4.

As can be seen from equations (2.23) to (2.30), the stress intensity is independent of the
material properties (E and v) and the plate thickness ¢. The correction factor [ is also only
related to the geometry of the plate. Therefore, several models of the square cracked plate
(L = W) have been developed with different aspect ratios a/W = 0.2 ~ 0.5. It should be
noted that in these models, the constant parameters are £ = 200 GPa, v = 0.3, t = 1 mm,
W = 200 mm and all exterior edges are free to move in the plane.
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Fig. 4. Typical finite element mesh and crack tip detail

3.2. Stress and displacement fields of the finite and infinite cracked plates

Comparison of the normal stresses in the finite and infinite cracked plate is shown schemati-
cally in Fig. 2. In this Section, more complete and accurate comparison is made using the results
of the finite element models. For this purpose, normalized curves of the stress and displacement
profiles from the numerical models of the finite cracked plates are plotted against the existing
theory relations of the infinite cracked plates in Figs. 5 to 8.

Figure 5 is related to the stresses o, and o, at Y = 0 and X < a. As can be seen, the general
form of the stress o, for the finite cracked plates is similar to that of the infinite cracked plate
that have been adapted to the conditions of zero stress at the free edges of the plate. But in the
case of the stress o, the limited size of the plate effectively changes the form of the curves. As
expected, this effect is greater for plates with a larger relative crack length a/W. Moreover, with
increasing crack length, the stress o, is increased in areas near the crack tip which, based on the
principles of fracture mechanics, it is affected by increasing the stress intensity. But away from
the crack tip, that trend will be changed under the influence of boundary conditions so that
the tensile stresses at the free edges of the plate are unexpectedly increased with the increasing
relative crack length.

1.0 ; ‘
S I [ a/ W=0.20 S a/ W=0.20
~ ~
S osl kT a/ W=0.25 = a/ W=0.25
;oY ———= a/W=0.30 : a/ W=0.30
\b'; - == a/W=0.35 = a/ W=0.35
0.6 - — - a/W=0.40 a/ W=0.40
' —— a/W=0.45 ©a/W=0.45
— — a/W=0.50 a/ W=0.50
0.4 Infinite plate |-- Infinite plate |-
0.2 — —
O T4 5 05 2 3 1 5
X/a X/a

Fig. 5. Stress profiles at Y = 0 and X > a from numerical results of finite cracked plates (dash lines) in
comparison with theoretical profiles of the infinite cracked plate (solid lines)

According to Fig. 6, the general form of the curves for the displacement U in the finite
cracked plates is similar to that of the infinite cracked plate in both linear and nonlinear parts.
Likewise, in the case of crack opening displacement V', due to the remoteness of the free edges
of the plates, the boundary conditions have the least impact on the general form of the curves.
In terms of quantity, with the increasing relative crack length, the values of both displacements
U and V are expectedly increased so that even in the normalized curves (with respect to the
crack length), larger crack curves are above the smaller ones.
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Fig. 6. Displacement profiles at Y = 0 and X > a from numerical results of finite cracked plates
(dash lines) in comparison with theoretical profiles of the infinite cracked plate (solid lines)

Figure 7 shows the stresses o, and o, at X = 0. In the case of stress o, all curves show
that the maximum compressive stress appears at the crack edge and decreases getting away
from that. Subsequently, the compressive stress reaches zero at a distance of about ¥ = 0.8a
and then with a change of sign, it goes into the tensile phase. As can be seen, the maximum
difference between the curves appears in the tensile phase so that for the infinite cracked plate,
the curve is directed toward the edges and finally approaches zero; but the curves related to the
finite cracked plates are upward near the edges and in most cases, the maximum tensile stress
occurrs at the edge. In the case of stress o, a significant difference between the overall trend of
the curves related to the finite and infinite cracked plate cannot be viewed. The same result can
be seen for the displacement V at X = 0 in Fig. 8. Comparison of all stress and displacement
curves indicates that the finite sizes of the plate affect the general form of the stresses more than
the displacements. This effect is more for the plates with a larger relative crack length and the
maximum difference between the finite and infinite cracked plates occurs away from the crack
tip and near the outer boundaries.
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Fig. 7. Stress profiles at X = 0 from numerical results of finite cracked plates (dash lines) in comparison
with theoretical profiles of the infinite cracked plate (solid lines)

On the whole, it can be said that the theory relations of the infinite cracked plate cannot
satisfy the boundary conditions of finite cracked plates. Also in terms of overall form of some
in-plane fields, those relations have considerable differences with the results of the finite cracked
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Fig. 8. Displacement profiles at X = 0 from numerical results of finite cracked plates (dash lines) in
comparison with theoretical profiles of the infinite cracked plate (solid lines)

plates. In this regard, the general forms of stresses and displacements fields are presented in
Section 2.2 and their application for the finite cracked plates will be examined in the following
Section.

3.3. Validation of the analytical approach

In order to validate the presented analytical approach, using the least-squares technique,
the curves of the series obtained in Section 2.2 are fitted to the stress and displacement profiles
derived from the numerical models for the finite plates. In the curve fitting, three relative crack
lengths of a/W = 0.2, 0.35, 0.5 are selected as small, medium and large cracks, and the minimum
terms of the series are chosen so that so-called coefficient of determination R? with the precision
of three decimal places is equal to 1. The results are presented in Figs. 9 to 12 and the curve
fit parameters have been inserted into every curve, where R? is the coefficient of determination
and N is the number of series terms used in the curve fitting. It should be noted that during
the curve fitting, the stress singularity at the tip of the crack can cause errors and reduce the
accuracy of the results. Therefore, as shown in Fig. 9, the normalized stress fields o, and o, at
Y =0 and X > a are multiplied by the dimensionless term of /(X /a)? — 1 to avoid the errors
and then the curve fitting has been done.

As can be seen, in all cases, the desired accuracy has been achieved only using a limited
number of the series terms. The same results of displacement fields for this zone are shown in
Fig. 10. By comparing Figs. 9 and 10, it can be seen that with the same accuracy in curve fitting,
the number of required terms for displacement fields are always less than the number of terms
needed for stress fields.

Figure 11 shows the curve fitting results of o, and o, at X = 0. As noted in Section 3.2, in
the tensile phase of stress o, the overall trend of the curves related to the finite cracked plates
are different from the theory relations of the infinite cracked plate; but as can be seen in Fig. 11,
the obtained analytical series with only 3 terms are accountable for such a dissimilar trend and
with a high accuracy fit on the numerical results achieved for the finite cracked plates. In total,
for both stresses o, and o, using 3 terms of the series gives the desired accuracy. Figure 12 also
represents the same results for the displacement fields at X = 0.

3.4. The stress intensity and correction factor

In Section 2.3, the stress intensity and, consequently, correction factor are obtained based
on the first two terms of the series related to the stress o, and displacement V' at Y = 0. In this
Section, using the results of curve fitting, the correction factor has been attained from (2.26)
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Fig. 9. Theoretical series curves (solid lines) related to stress fields at Y = 0 and X > q fitted to
numerical results (symbols)

2.0 1
S N=1
5 R%=0.99954
= 16 -]
= N=3 N=2 A/f
o) R*=0.999524  p2_ (.999841
)

AAA q/WW=0.20

04 ooo o/W=035"
coo a/W=050

01 2 3 4 5
X/a

Fig. 10. Theoretical series curves (solid lines) related to displacement fields at Y = 0 fitted to numerical
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Fig. 11. Theoretical series curves (solid lines) related to stress fields at X = 0 fitted to numerical results
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Fig. 12. Theoretical series curves (solid lines) related to displacement fields at X = 0 fitted to numerical
results (symbols)

and (2.30) and is presented in Table 1 for three relative crack lengths of a/W = 0.2, 0.35, 0.5
in which the columns Ay and A; contain the resulting coefficients of the curve fitting and the
column 3 represents the evaluated correction factors from (2.26) and (2.30). Moreover, in order
to validate the results, the related correction factors from Isida (1971) are presented in the
column Brrr, and in the last column, the percentage difference between the results is provided.

Table 1. Correction factor from curve fitting process and the reference by Isida (1971)

‘ a/W ‘ Field ‘ Ag ‘ Ay ‘ I} ‘ BrREF ‘ Error [%)] ‘

0.20 | Sy(X,0) | 1.05860 | —0.00076 | 1.05633 | 1.055 0.13
V(X,0) | 1.05496 | —0.00153 | 1.05397 | 1.055 0.10
0.35 | Sy(X,0) | 1.18793 | —0.00762 | 1.16507 | 1.170 0.38
V(X,0) | 1.17125 | —0.00944 | 1.16511 | 1.170 0.38
0.50 | Sy(X,0) | 1.41167 | —0.03556 | 1.30498 | 1.334 2.18
V(X,0) | 1.35431 | —0.03491 | 1.33162 | 1.334 0.18

As can be seen, the analytical results of the present paper agree well with the results of Isida
(1971). The maximum difference is 2.18%. It is also observed that for different crack lengths,
the calculated correction factors based on the displacement filed are always more accurate than
the stress filed because firstly, the displacement at the crack tip is not singular as the stress field
and secondly, in the finite element method, the obtained displacement fields are continuous at
the boundaries of elements while there is no such continuity for the stress fields.

4. Conclusion

Since there is no closed form solution for finite cracked plates, in this paper, the general forms
of stress and displacement fields of the finite cracked plate are achieved by expanding potential
functions of an infinite cracked plate about the crack tip. In addition to analytical relations,
numerical models of the finite cracked plate with different crack lengths have been provided in
ABAQUS environment. Based on the numerical results, the stress and displacement profiles are
plotted against the existing theory relations of infinite cracked plates. The plotted curves show
that finite sizes of the plate affect the general form of stresses more than displacements, and the
maximum difference between the finite and infinite cracked plates occurs away from the crack
tip and near the outer boundaries. The observed difference indicates that the theory relations of
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the infinite cracked plate cannot satisfy the boundary conditions of the finite cracked plates and
also in terms of overall form of some in-plane fields, those relations have considerable differences
with the results of the finite cracked plates.

Accordingly, using the least-squares curve fitting, the obtained theoretical series for stresses
and displacements of the finite cracked plates have been compared with the finite element results.
The presented results indicate that the obtained analytical series with a limited number of terms
are accountable for such a dissimilar trend and with a high accuracy fit to the numerical results
achieved for the finite cracked plates. For example, the coefficient of determination R? with
precision of three decimal places is equal to 1 by choosing only 7 terms of the series for singular
stresses and 3 terms for other stress and displacement fields.

Moreover, by calculating the stress intensity on the basis of stress and displacement series,
it has been shown that the stress intensity and the related correction factor § are related to
the first two terms of the series. Using the analytical relations with the results of curve fitting,
the correction factors have been attained for some relative crack lengths and compared with the
results of Isida (1971). The comparison shows that the analytical results of the present paper
agree well with the results of Isida (1971), and the maximum difference is 2.18%.
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